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1. Introduction 



< 

"jrt , One of the salient mathematical features of string theory is the importance of 

vertex algebras. Their role in the theory can be compared to that of Lie algebras 
in the "ordinary" physics of point particles. 



Mathematically, the approach of string theory can be cast in terms of analysis on 
the space of free loops, i.e., smooth maps 5"^ — > X where X is a given "spacetime" 
■^ ' manifold. Accordingly, one has the folklore principle that constructions involving 

1^^ , the space of free loops lead to vertex algebras. One class of such constructions is 

Q I provided by the spaces of highest weight representations of loop groups. Another is 

173^, the chiral de Rham complex of an algebraic variety X, introduced by Malikov, 
^^ i Schechtman and Vaintrob [MSV]. Heuristically, this complex should be interpreted 

in terms of LX, the space of free loops and its subvariety L^X consisting of loops 
C^ . extending holomorphically into the unit disk. More precisely, i^'^ can be thought 

of as the semiinfinite de Rham complex with coefficients in the space of distri- 
butions on LX supported on L^X. This is not, however, the way Q'^ has been 
defined mathematically. The definition given in [MSV] is of more computational 
rS I nature and proceeds by constructing the action of the group of diffeomorphisms 

C^ ' on the irreducible module over the Heisenberg algebra. In that approach it seems 

miraculous that such an action exists at all. 

The aim of this paper is twofold. First, to give a precise mathematical theorem 
underlying the above folklore principle about vertex algebras. For this, we intro- 
duce an algebro-geometric version of the free loop space C{X) for any scheme X 
of finite type over a field. This is an ind-scheme containing >C°(V), the scheme of 
formal germs of curves on X studied in [DL]. We prove that both C{X) and C'^{X) 
themselves possess a non-linear version of the vertex algebra structure (which makes 
it clear that any natural linear construction applied to them should give a vertex 
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algebra in the usual sense). More precisely, we use the geometric approach to ver- 
tex algebras developed by Beilinson and Drinfeld [BDl] and based on the concepts 
of chiral algebras and factorization algebras. The latter concept has a natural 
nonlinear version, that of a factorization monoid. What we prove is that natural 
"global" versions of C{X)^ C^{X) have natural structures of factorization monoids. 
An earlier known example of a factorization monoid is given by the affine Grass- 
mannian [G] , and this explains why the spaces of representations of loop groups are 
vertex algebras. Our construction is similar in spirit. 

To give a good definition of the algebraic analog of the full loop space LX one 
has to overcome a certain subtlety. Namely, a natural approach would be to try 
to (ind-) represent a functor which to any commutative ring R associates the set 
of i?((t))-points of X. (This is exactly how one defines the scheme C^{X)^ with 
i?[[t]] instead of R{{t)).) If X is affine, this indeed gives a good ind-scheme which 
we denote C{X). But when X is, say, projective, then (for R a field) there is 
no difference between i?[[t]]-points and i?((t))-points of X (valuative criterion of 
properness), so it may seem that nothing is gained by allowing Laurent series. To 
state this phenomenon differently, the ind-schemes C{U) for affine U <Z X do not 
glue together well. This is in fact understandable on general grounds: the loop 
space LX is not the union of the LU since a loop need not spend all its time in any 
given U . 

To get around this difficulty we adopt the following strategy. For an affine X we 
consider C{X), the formal neighborhood of C^{X) in C{X). So we are dealing with 
formal loops which are "infinitesimal in the Laurent direction" .Then, we prove that 
the C{U), [/ C X, do indeed possess the right gluing properties. This is due to the 
infinitesimal nature of our loops. 

The role of nilpotent thickenings in Laurent series models for loop spaces was 
first pointed out by C. Contou-Carrere [CC] who was studying, in our notation, 
the group ind-scheme C{Gm) and found that it is a nontrivial formal thickening of 
>C°(G^) X Z. 

Our second goal is to give a direct geometric construction of 1^5^' (f^^ smooth X) 
in terms of our model for the loop space. By the above, this construction explains 
also the fact that Vt'^^ is a sheaf of vertex algebras. In order to achieve this, we 
represent C{X) as an ind-pro-object in the category of schemes of finite type and 
then show that the shifted de Rham complexes of the terms of this ind-pro-system 
arrange naturally into a double inductive system whose inductive limit is identified 
with VLf. 

As with the study of formal arcs and motivic integration [DL], one can view 
our considerations as algebro-geometric analogs of the basic constructions of p-adic 
analysis. The difference between our ind-scheme C{X) and the more familiar scheme 
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C^\X) is similar to the difference between Qp and Zpi while the latter is a pro-object 
in the category of schemes of finite type (resp. finite sets), the former is an ind-pro- 
object. Further, our approach to ri3f' is similar to the construction of the space of 
locally constant functions with compact support on Qp = lim lim p~'^'Lp / p' Xip as 

the double inductive limit of the spaces of functions on the finite sets p~'^'Lp/p''Lp, 
cf [P] . Notice that the reason that these spaces of functions indeed form a double 
inductive system (with respect to the maps of inverse image in the j-direction 
and direct image in the i-direction) is that the commutative squares in the ind- 
pro-system 'p~'^TLpj-p^'Lp are Cartesian (so that we have base change). This is an 
algebraic counterpart of the property of the local compactness of Qp, see [Kat]. In 
our situation it is equally important that the ind-scheme >C(X) satisfies a certain 
formal analog of local compactness. 

This work has been done over a period of several years during which the first 
author benefitted from visits to and the financial support of the Universite Cergy- 
Pontoise, the IHES, the Ecole Normale Superieure and the Max-Planck-Institut 
fiir Mathematik. His research was also partially supported by grants from NSF 
and NSERC. The second author is partially supported by EEC grant no. ERB. 
FMRX-CT97-0100. We would hke to thank A. Beilinson for several useful remarks 
on the earlier version and V. Drinfeld for pointing out the reference [TT]. 



2. Construction of the formal loop space 

(2.1) Generalities on schemes and ind-schemes. If C is a category, then we 
denote by Ind(C) and Pro(C) the categories of ind- and pro-objects of C, see 
[AM] [GV] for background. Thus, objects of Ind(C) (resp. Pro(C)) are symbols 
"lim "Ci (resp. "lim "C^) where (Ci) is a filtering inductive (resp. projective) 

'i * i 

system over C, with morphisms defined as in loc. cit. Recall that Ind(C) can be 
considered as a full subcategory in Fun°(C, Sets), the category of contravariant 
functors. 

Throughout the paper we fix a field k. We denote by Sch C Lrs the cate- 
gories of schemes and locally ringed spaces over k. If i? is a commutative ring, 
we will write Speci? for the topological space (the set of prime ideals with the 
Zariski topology) underlying the affine scheme Spec R which is thus the ringed 
space ( Spec if, Ospec r)- 

By an ind-scheme we will mean in this paper an ind-object of Sch represented by 
an inductive system of closed embeddings of quasi-compact schemes. The category 
of ind-schemes will be denoted by Isch. Let us make the category Sch into a 
Grothendieck site by using Zariski open coverings and let Shf be the category of 
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sheaves of sets on Sch. For any ind-schenie Y the functor rjy on schemes represented 
by Y is then a sheaf, so we have the embeddings 

(2.1.1) Sch C Isch C Shf C Fun° (Sch, Sets). 

Since the category Sch has finite inverse hmits, so do all the categories in (2.1.1) 
and the embeddings preserve them. On the contrary, finite direct limits, such as 
cokernels (when they exist) are preserved by the first two of the embeddings but 
not by the third one: cokernels in the category of sheaves are not the same as in 
the category of all functors (presheaves) . 

We denote by Alg the category of A;-algebras and by Aff C Sch the dual category 
of affine schemes. Note that Isch can be as well realized as a full subcategory in 
Fun°(Afr, Sets) = Fun(Alg, Sets). 

Given two contravariant functors (J), (j)' : Sch — > Sets, and a morphism F : (j)' ^ 
4>, we will say that F is formally smooth (resp. formally etale), if for any nilpotent 
extension of affine schemes S C S' the natural map 

cf>'{S')^^iS')x^(S)^'iS) 

is surjective (resp. bijective). 

We will say that F is an open embedding, if for any scheme 5* and any u G <PiS) 
(which is the same as a morphism rjs — > (j)) the fiber product functor r]s x^ (/>' is 
representable by a scheme S' whose natural morphism to S is an open embedding. 

We define formal smoothness and openness for morphisms of ind-schemes by 
considering their representable functors. 

For a scheme Z we denote by Zj-ed C Z the corresponding reduced subscheme. 
We extend this notation to ind-schemes by applying it term by term in inductive 
systems. 

Let X be a fc-scheme of finite type. We denote by AfTx (resp. AfTj^) the 
category of schemes affine over X (resp. affine of finite type over X). For future 
use let us quote the following fact [EGAIV, Corollary 8.13.2]. 

(2.1.2) Proposition. The category Prol Aff x) ^^ equivalent to ASx via the func- 
tor "lim " Sn ^^ lim Sn- 

^ n ^ n 

We also denote Sch^ the category of all X-schemes and Isch^ the category of 
ind-schemes over X. Thus objects of Ischx are arrows Y ^- X, Y G Isch, or, 
equivalently, symbols "lim "1^ where 1^ — > X form an inductive system of closed 

embeddings of quasicompact X-schemes. 
(2.2) The scheme of germs of arcs. 
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Let X be a scheme. We denote by C^{X) the scheme of germs of arcs on X, see 
[DL] [BLR, Theorem 7.6.4]. It represents the following covariant functor A^ on the 
category Alg: 

X^x-R^ Homsch(Spec R[[t]],X). 

Here are some of the well-known properties of C'^{X). Note that if i? is a local ring 
with maximal ideal M, then R[[t]] is a local ring with maximal ideal M[[t]] -|-ti2[[t]]. 

(2.2.1) Proposition, (a) For any scheme S the pair (S, Os[[t]]) is a locally ringed 
space. 

(h) For any scheme S we have 

Homsch(5,£'^(X)) = HomLrs((5,05[[t]]),X). 

(c) The scheme C^{X) is the projective limit of the schemes C^{X), n E N, 
representing the functors 

X^^x ■■ R ^ Homsch(Spec i?[t]/t"+\ X). 

If X is of finite type, than so is each £^(X). 

(d) Denote -Kn '■ C^iX) -^ X , tt : C^{X) — > X the natural projections. They 
are affine morphisms. For an open subset U C X we have tt~^{U) = C^{U) and 
7r-HU)=CUU). 

(e) If X is smooth, then so is C^{X) and C^{X) is formally smooth. 

Proof: For (a) and (b) it suffices to assume that S = Spec R is affine. The 
embedding of constant series and the evaluation at give ring homomorphisms 

R — > R[[t]] — > R and hence morphisms of topological spaces 

(2.2.2) Speci?^ Spec /?[[t]] ^^ Spec i?. 

The statement (a) follows from the next lemma, since Ospec R[[t]] is obviously a 
sheaf of local rings. 

(2.2.3) Lemma. We have 

i~ C'spec R.[[t]\ = Cspec R[[t]] = P*Cspec R[[f]] • 

Proof: Let us prove the first equality. If p G Speci? is a prime ideal in R, then 
the stalk of i~"^Cspec R[[t]] at p is the localization of R[[t]] with respect to the 
multiplicative subset l3~^{R — p) while the stalk of Cspec R[[i]] is R[[t]] '^RRp where 
Rp denotes, as usual, the localization of R with respect to R — p. Now, to see 
that the two rings are the same, it suffices to use the following obvious property of 
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formal power series rings: if ^4 is a commutative ring and /(t) € A[[t]] is such that 
/(O) is invertible in A, then f{t) is invertible in ^[[t]]. 

The second equahty is obvious: the stalk of p*C'spec R[[t]] at p is immediately 
seen to coincide with R[[t]] <Sir Rp- □ 

Now, composing with i defines a map of sets 

: Homseh(Spec R[[t]],X) -^ HomLrs((Spec i?, 0spec R[m,X). 

A map V' in the other direction comes from the second equality in (2.2.3). One 
verifies easily that cj) and f/' s^re mutually inverse. This concludes the proof of 
(2.2.1)(b). The rest of (2.2.1) is proved in loc. cit. 

We will also need the following generalization of Proposition 2.2.1(d). 

(2.2.4) Proposition. Let cj) : X —^ Y be an etale morphism of schemes. Then 
(a) each morphism C^{<p) : £^(X) -^ ^n(^) is etale, 
(h) the square 

Cl{X) -. Cl{Y) 

i i 

X ^ Y, 

as well as the analogous square for C^ {X) , C^{Y), is Cartesian. 

Proof: We can assume that X = Spec (A), Y = Spec {B) are affine. It is enough to 
prove that for each n > the natural morphism 

a:Cl{X)^Cl{Y)xYX 

is an isomorphism. Let us construct the inverse morphism [3. Let Rhe & fc-algebra 
and / be a morphism S — > C^iY) Xy X. Thus, / corresponds to a pair of ring 
homomorphisms forming the horizontal arrows of the commutative diagram 

<^* i [^ 

A ^ R. 

Here vr is the natural projection. Since (j) is etale and vr is nilpotent, there is a 
unique homomorphism w : A ^ R\t\/t'^'^^ such that both resulting triangles are 
commutative. Let g be the morphism S -^ C^{X) represented by w. Then we set 
/3(/) = g. The verifications are obvious and left to the reader. D 

(2.3) Nil-Laurent series. Let Rhe a commutative ring. A nil-Laurent series 
is, by definition, a Laurent series a{t) = X]i>-oo ^*** ^ ^((0) such that all the o^ 
with i < are nilpotent. The set of such series will be denoted R{{t))^. 

It is clear that R{{t))^ is a subring in R{{t)), the ring of all Laurent series. 
Indeed, let \/R be the radical of R (the set of all nilpotent elements) and set 
Rred = R/VR. Consider the homomorphism p : R{{t)) -^ Rred{{t)) induced by 
the projection R -^ R^^d- Then Riit))^ = p-^{Rred[[t]])- 
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(2.3.1) Proposition. For a = "^aif G R{{t))^ the following are equivalent : 
(i) the element a is invertible in R{{t))^ , 

(ii) the element p{a) is invertible in Rrediit]], 
(Hi) the element oq is invertible in R. 

Proof: (i)=^(ii) is obvious. To see tiiat (ii)<^(iii), note that the invertibility of 
p{a) implies the invertibility of the image of oq in i?red which certainly implies the 
invertibility of oq and the converse is equally obvious. Let us prove that (ii)=^(i). 
Indeed, if p{a) is invertible in i?i.ed[[i]]) we have ab = 1 + c for some b G i?((t))v^, 
c G Kerp = VR{{t)). But every element c G \/R{{t)) is topologically nilpotent 
(setting c = c- + c+ with c_ G t~^ \^[t~^] and c+ G A/R[[t]], we have that c_ is 
nilpotent while C-(_ is topologically nilpotent), thus ab is invertible in R{{t))^, and 
a is invertible, too. D 

(2.3.2) Corollary. If R is a local ring with maximal ideal M, then R{{t))^ is a 
local ring with maximal ideal p~^ (Mi.ed[[t]] + t-Kred[[i]]) • 

(2.4) The formal loop space. We now describe our main construction. Let X 
be a scheme of finite type over k. Define a covariant functor Ax from Alg to sets 
as follows: 

(2.4.1) Xx{R) = Homsch(Spec fl((t))v^,X). 

(2.4.2) Theorem, (a) The functor Xx is represented by an ind-scheme C{X), 
containing C^{X). 

(b) C{X) is an inductive limit of nilpotent extensions of C^\X). In particular, 
for any open set Y C C'^{X) there is a well-defined ind-scheme C{X)\y- 

(c) If U is an open subset in X, then the ind-scheme C{U) is identified with 

^{X)\-n-^{u)- 

(d) If X is smooth, then C{X) is formally smooth. 

Note that Theorem 2.4.2 is closely related to [BDl, Proposition 3.9.3. (i)]. The 
proof will be finished in the next subsection. 

Let i? be a commutative ring. Since R{{t))^ is a nilpotent extension of i?[[t]], 
we have Spec/2((t))v^ = Spec-R[[t]], so Spec R{{t))^ is the ringed space formed by 
Speci?[[t]] and a certain sheaf of rings ©spec _R((t))v~ on it. 

(2.4.4) Lemma, (a) We have, with respect to the maps in (2.2.2), the equalities 
(b) For any scheme S the sheaf Os{{t))^ is a sheaf of local rings 
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The proof of (a) is analogous to that of Lemma 2.2.3. Instead of the property of 
A[[t]] quoted there, we use Proposition 2.3.1. Part (b) fohows from (a). D 

Let -0 : Sch -^ Lrs be the functor such that S ^-^ [S, Os{{t))^)- Let us define 
a contravariant functor A^ on the category Sch by 

(2.4.3) A:^(5) = HomLrs(V'(5),^). 

(2.4.5) Proposition. For an affine scheme S = Spec(i?) we have X'xiS) = 
XxiR). 

Proof: Follows from Lemma 2.4.4 similarly to Proposition 2.2.1(a). D 

In virtue of Proposition 2.4.5, for the proof of Theorem 2.4.2 it suffices to show 
that the functor A^ on Sch is ind-representable. We start by estabilishing some of 
its properties. 

(2.4.6) Proposition, (a) For every scheme X the functor X'x is a sheaf on Sch. 

(b) If U C X is an open subset, then the induced morphism of functors X'jj -^ X'-^ 
is open. 

(c) Let {Ua)a€A be an open covering of X . Then X'^ is equal to the cokernel, in 
the category Shf , of the pair of morphisms 

a, (3 a 

Proof: The proposition follows from simple properties of representable functors on 
the category Lrs. If T = (T, O-r) is a locally ringed space, we will call an open part 
of T a ringed space of the form ([/, O-rlu) where ?7 C T is an open subset in the usual 
sense. An open embedding is, by definition, a morphism isomorphic to the inclusion 
of an open part. Accordingly, we have the concept of an open covering of T. This 
makes Lrs into a Grothendieck site. For X £ Lrs let r]x be the corresponding 
representable functor on Lrs. As in (2.1), a morphism F : cj)' ^> (/) oi functors 
Lrs -^ Sets will be called open, if for any S £ Lrs and any element u G 4>{S) (i.e., 
a morphism 775 — ^ 4>) the fiber product functor rjs >^(i>4>' is representable by a locally 
ringed space S' whose natural morphism to S is an open embedding. Let us recall 
the following basic facts. 

(2.4.7) Lemma, (a) For any X € Lrs the representable functor rjx is a sheaf on 
Lrs. 

(b) IfUdX is an open embedding in Lrs, then r]u —^ rjx is an open morphism 
of functors. 

(c) Let X G Lrs and {JJa)a^A be an open covering of X. Then in the category 
of sheaves of sets on Lrs we have the equality 

(2.4.8) 7JX = CokeT\]j7]u^nu,^]J Vu^ } 

a, (3 a 
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or, explicitly, for any S G Lrs, 
(2.4.9) iix{S) = \ui,Kei^vu^{S^)^\{rnA^nu,{Sc.r\Sp)^, 

Sa a af) 

where the limit is taken over the set of open coverings (Sa)a€A of S (the indexing 
set A being fixed) ordered by simultaneous inclusion. 

Proposition 2.4.6 follows from Lemma 2.4.7. Indeed, we have A^ = rjx o V') where 
X is viewed as a locally ringed space. Thus, to prove Proposition 2.4.6.(6) using 
Lemma 2.4.7.(6) it is enough to prove that for any open embedding of schemes 
U ^^ X and any u £ A^(5) there is an open embedding j : S' ^^ S such that the 
following square is Cartesian 

U ^ X 

T T^ 

(then, rjs Xx' X'jj = rjs')- This is obvious. D 

Proof of (2.4.7) : Part (a) is obvious, and Part (6) is proved in [EGAO, (4.5.2)]. 
Let us prove Part (c). For any (/) G rjxiS) and any a, consider the ringed space 
'5a = {(l)~'^{Ua),Os\(i,-^(Uac))- Clearly, {So) is an open covering of 5. Let (/>„ be 
the restriction of (j) io Sa- Then, ((/>„) is an element of Wa^Uai'^a) lying in the 
kernel (2.4.9). Thus we have constructed a map from r]x{S) to the right hand 
side of (2.4.9). On the other hand, assume that {(pa) G Wa'^ci^a) i^ such that 
0Q,(5„n5^) cUanUf^ and(f>a\sa,nSi3 = 0/3|<s<,n5^- The corresponding maps 5^,^01 ^ 
^a.red gluc together, giving a continuous map (p^ed '■ ^red -^ ^^red- Moreover, there 
is an obvious sheaf homomorphism (f)* : 4'~^^Ox -^ C<s : the restriction of (j)* to 
Sa is the composition of the chain of maps 

(0~d^A')l«Sc. = {(t>a,red^uJ\Sc^C>So. = C>s\Sc- 

This establishes (2.4.9). 

Let C be the cokernel as in (2.4.8) but taken in the category of presheaves. Then 
the cokernel in the category of sheaves is just the sheaf C associated to the presheaf 
C. By definition, for S £ Lrs the set C{S) consists of pairs (a, : S* — > Ua) taken 
modulo the identifications coming from morphisms of S into Ua riUp. Now, by the 
definition of the sheaf associated to the presheaf, 

C = lim Kerj fj C{S^) -^ JJ C{S^ r\Sy)\, 
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where the hmit is over all possible open coverings of S (with arbitrary indexing 
sets r) ordered by refinement. Notice now that specifying a section of C over S^ 
includes specifying an index a from the set A indexing the covering {Uq.}, so we 
get a map p : F -^ A. Denoting Sa = [Jp(^)=a'^'y^ '^^ S^* ^^ element of the right 
hand side of (2.4.9). This establishes the equivalence of (2.4.8) and (2.4.9). D 

Note that Proposition 2.4.6(c) implies the following. 

(2.4.10) Corollary. We have Xx = lim^/cx affineAt/, the limit being taken in the 
category Shf . 

(2.5) Proof of Theorem 2.4.2. We first assume that X = Specvl is an affine 
scheme of finite type. Consider the larger functor Ax on Alg defined by 

Ax(«) = HomAig(A^((t))). 

(2.5.1) Proposition, (a) The functor Xx is represented by an ind- scheme C{X), 
which is an inductive limit of affine schemes of infinite type, 
(b) If X is smooth, then C{X) is formally smooth. 

Proof: (a) Consider the fc-ind-scheme 

A;((t)) = lim Spec k[ai; -N < I]. 

We can think of the a^ as the coefficients of an indeterminate Laurent series ^ a^t*. 
It is clear that k{{t)) represents the functor Aai- Since A^ is a fc-algebra object 
in the category of schemes, multiplication of Laurent series makes k{{t)) into a k- 
algebra object in the category of ind-schemes. In particular, each polynomial / G 
k[xi, ...,Xd] defines a morphism of ind-schemes C{f) : k{{t)) — > k{{t)). Hereafter 
we will write k[x] instead of k[xi, ...,Xd] to simplify. 

Suppose now that X is given in A'^ by a system of algebraic equations, say 

fm{xi,...,Xd) = 0, m= l,2,...,l. 

The ind-scheme ClX) is realized as the closed sub-ind-scheme in k{{t)) defined as 
the intersection of the preimages of under the C{fm)- More explicitly, replacing 
Xi by Xi{t) = J2j>-N ^j^'' i^ t^^ equations above, we get, for each A'', a system 
of algebraic equations in /c[aj* , —N < I] for each A'^ which defines a subscheme in 
{Speck[ai;—N < l])'^. Our desired ind-scheme C{X) is the direct limit of these 
schemes as A'^ ^ oo. 

(b) The infinitesimal lifting condition for Xx is formulated for affine schemes 
S = Spec{R). We need to prove that for any surjection of /c-algebras R' ^ R 
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whose kernel / satisfies 1^ = for some n, the map of sets Xx{R') -^ Ax(-R) is 
surjective. But the kernel of R'{{t)) — > R{{t)) is I{{t)) which is also nilpotent of 
order n. So the smoothness of A implies that any morphism A — > R{{t)) can be 
lifted to a morphism A ^ R'{{t)). D 

(2.5.2) Corollary. The functor Xx is represented by an ind-scheme C{X) which 
is the inductive limit of the formal neighborhoods of C^[X) in the schemes forming 
an inductive system for C{X) . If X is smooth, then C{X) is formally smooth. 

This proves parts (a), (b) and (d) of Theorem 2.4.2 for the case of affine X. Part 
(c) of the theorem follows from Proposition 2.4.6(c). 

To prove Theorem 2.4.2 for general X, it is enough to establish the existence of 
the limit lim uax a.mneC{U) in the category of ind-schemes. In fact, it is enough to 

take the limit over a finite set of U consisting of elements of some finite covering 
and their intersections. Indeed, given this, all the other properties follow from the 
afiine case and from Proposition 2.4.6. But using Proposition 2.4.6(b) again, we see 
that for any pair U' <ZU oi affine open subsets in X the corresponding morphism 
of ind-schemes C{U') -^ C,{U) is an open embedding. Further, the ind-scheme 
'C(C/)red is actually a scheme, namely C^{U). So our statement follows from the 
next general fact. 

(2.5.3) Lemma. Let {Zi)i^i be a finite diagram of ind-schemes in which all the 
arrows are open embeddings. Assume that the inductive limit of Zi^^^d exists in the 
category of ind-schemes. Then so does the inductive limit of the Zi . 

Theorem 2.4.2 is proved. Let us also note the following fact. 

(2.5.4) Proposition. If (j) : X —^ Y is an etale morphism of schemes of finite 
type, then C{(l)) : C{X) -^ /^(^) is formally etale. 

Proof: By the above we can assume that X = Spec (A), Y = Spec (i?) are affine. 
If S" is a scheme and we have two compatible maps 

a : S,,d^C{X), (3:S^C{Y), 

we must construct the unique map S —* C{X). If S" = Speci?, then we have a 
diagram 

A ^ i?red((t))^ = iired[[t]] 

rt T 

B ^ i?((t))^, 

where the right arrow, which is the projection p in (2.3), has nilpotent kernel. 
Therefore there is a unique homomorphism of rings A — > R{{t))^ making the 
diagram commute. D 
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(2.6) The formal loop space as an ind-object. For future purposes we con- 
struct a certain class of local realizations of C{X) as an ind-object in the category 
of schemes. 

Let xi, X2, ..., X(i be the coordinates on the affine space A'*. For any fc-algebra A 
and any niorphism (/) : Specvl ^ A'' let (/»* bethe correspondingniap /i;[a;i, ...,Xrf] -^ 
A. 

(2.6.1) Proposition. Assume that X = Specvl is an affine scheme and that 
(f) : X —^ A'^ is an etale morphism of schemes. 

(a) There is a unique morphism. O^f, : ClX) —^ X such that 9ff,{f){<j)*Xi) = 
f{4>*Xi)o for any f £ Xx{R)- The restriction ofO^f, to Co{X) is equal to the projec- 
tion p from (2.2.1)(h). 

(b) We have C{A'^) x^a X ^ C{X). 

Proof: Consider the morphism of functors A^^ — > '^a'* which maps a homomorphism 
/ G HomAig(fe[xi, ...,Xd], i?((t))) to the unique morphism in HomAig(fe[xi, ...,Xd],i2) 
such that Xi i— > f{xi)o. This morphism of functors can be seen as a morphism of 
ind-schemes 9f^d : C{A'^) — > A''. It is clear that its restriction to C^{A'^) coin- 
cides with the projection p from (2.2.1)(b). Let Oj^d be the restriction of ^^d to the 
ind-subscheme C{A'^) C C{A'^). Since C{X) is an inductive limit of nilpotent exten- 
sions of the scheme £°(X) and (p is formally etale, there is a map 0^ : C{X) -^ X 
splitting the diagram 

£0(X) -^ X 

C{X) -^ A'^ 

into two commutative triangles. Here, the lower horizontal arrow is the composition 
of maps 

ej,d o C{(f)) : C{X) -^ C{A'^) -^ A'^. 

Let -0 be the resulting map C{X) -^ C{A'^) x^d X. We claim that ip is an isomor- 
phism. For this, we construct a map x '■ ^{A'^) Xj^d X ^ ^{^) inverse to ip. Let 
S = Speci? be a scheme. A morphism S -^ C{A'^) x^d X is a compatible pair 

(a : S ^C{A'^), P : S ~^X). 

We need to construct a map xio^iP) '■ ^ — > >C(X). First, a(S'red) C £°(A'^), and 
/3(5'red) C X. Thus, by Proposition 2.2.4, we have a map 7 : S^ed -^ C^\X). 
The composition 7 of 7 and the embedding £°(X) C ^(X) gives a commutative 
diagram 

'S'red -^ ^{^) 

(2.6.2) I I cw 

S ^ £(A^). 
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To complete the construction, we notice that C{(f)) is formally etale by Proposition 
2.5.4 and so we have a map S — > C{X) splitting (2.6.2) into two commutative 
triangles. We take this map to be x(o;, /?). The verification that x is inverse to il) 
is straightforward. Proposition 2.6.1 is proved. D 

Let E be the set of e = (e_i,e_2, ...), Sj G Z+ such that Ej = for almost all 
j. It is equipped with the natural partial order: e < e' if Ej < e'- for all j. In the 
remainder of this section we assume that the A;-scheme X is smooth. Thus X can 
be covered by affine open sets U = Spec A possessing etale maps : ?7 — > A*^. For 
every such U, (p we consider the functor 

XI : R^{f€ Xu{R) I f{rxi)]+'^ = 0, Vi G [l,d], Vj < O}. 

(2.6.3) Proposition. The functor X'^ is representable by a closed suhscheme C^ {(p) C 
C{U), such that C{U) is the inductive limit of the schemes C^{(f)). 

Proof: We first consider the case U = A^, cj) = Id. Let N be such that ej = for 
j < N. Define the scheme C^{A'^) by 

(2.6.4) £^(A^) = Spec{k[aP;-N < Z]/((a{'V+^'; Z < O)). 

It is immediate that this scheme represents the functor Xf^ , and that A^ = Xf^ x a ^ 
Xjj- The proof of Proposition 2.6.1 implies that that the map 

(2.6.5) A^^AfdX.^.ry^, / ^ (/ o ^*, ^4/)), 
is an isomorphism of functors. Thus, the closed subscheme 

(2.6.6) C^A"^) x^d U C /:(A^) XAd U = C{U), 

see Proposition 2.6.1.(6), represents the functor X%. It is clear by the definition 
that A(7 = lim A^, in the category of functors Alg — > Sets and thus we have that 

C{U) = lim £'"(0) in the category of ind-schemes. D 

Let us note the following reformulation of this fact, to be used later. 

(2.6.7) Corollary. If (j),il) are two etale maps U -^ A'^, then the ind-objects 
"lim "C^{(p), "lim "C^^tp) are isomorphic, i.e., for any E there is e' such that 

Cf{4>) C C^ {ip) and vice versa. 

Proof: Given -0, any map S — > C{U) with S an affine scheme, factors through some 
C^ {ip). Now take S = C^{(p) which we know to be an affine scheme by (2.6.4,6). D 
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(2.7) The formal loop space as an ind-pro-object. We keep the notations of 
(2.6). Thus U = Spec (A) is affine and (f) : U —>■ A'^ is etale. The schemes C'^{4>) are 
of infinite type. In fact, each of these schemes is a projective limit of schemes of 
finite type, so C{U) can be viewed as an ind-pro-object in the category of schemes 
of finite type over k. In this subsection we construct explicit ind-pro-systems for 
C{U). 

Consider the functor X^, : R h^ X^AR)/ ^n4>, where 

f ^n^ g ^^ ficb*x,)-gi(^*x,)ee+'R[[t]], Vi 

(2.7.1) Proposition, (a) The functor A^^ is representable by a scheme >C^(0). 
The scheme vC^(0) is of finite type and is a nilpotent extension of C^iJJ) = C'^i^cj)). 
Moreover, C'^{4)) = lim £^(0). 

* n 

(h) The schemes C^ifj)) form an ind-pro- system with Cartesian squares (n' > 
n, e' > e) 

i i 

where the vertical arrows are smooth affine morphisms. 

(c) The ind-pro- object "lim ""lim "£^(0) is independent, up to isomorphism, 

on (j). 

Proof: Claim (a) is entirely similar to Proposition 2.6.3. We first consider the case 
U = A'^,(p = ld and define the scheme £f^{A'^) by 

(2.7.2) £^(A'^) = Spec(fc[af^;-iV</<n]/((afV+^';/<0)), A^ » 0. 

It represents A^j^. The fiber product scheme £^(A^) x^d U represents the functor 
'^raid ^J? dVu- The isomorphism of functors (2.6.5) yields an isomorphism of functors 
K^ -^ Ku X'?4d Vu- Thus 

(2.7.3) CU<P) = CUA") xj,d U. 

Claim (6) is obvious in the case U = A'^, = Id. The general case follows from 
(2.7.3) since the base change of a smooth affine morphism is still smooth affine, and 
the base change of a Cartesian square is Cartesian. 

Claim (c) follows from Corollary 2.6.7 and Proposition 2.1.2. D 

Passing to the limit in e we get the ind-scheme Cn{4>) = lim C^{(j)). It represents 
the functor R f-> \u{R)/ ^ncj>- As in (2.7.2) we get 

£„(A^) = lim Spf k[aP,0< I < n][[aP,-N < / < 0]], 
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and we see that £„(A'^) is formally smooth. Further, we see that 

from which we see that Cn{4)) is also formally smooth. 
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3. The global loop space 

(3.1) Localization on a curve. Consider the Lie algebra Der k[[t]] and tire 
group scheme Aut k[[t]] over k. They form a Harish-Chandra pair [BB] [F, §6.1]. 
By construction, we have the action of this pair on the scheme £*'(X) and on the 
ind-scheme C{X) constructed in §2. 

Let C be a smooth curve over k. The well known procedure of localization, see 
loc. cit. and [GKF], gives then a scheme C^{X)c and an ind-scheme C{X)c over C 
defined as follows. Let C^ ^ C be the scheme of pairs (c, tc) where c & C and tc is a 
formal coordinate near c. Then C^ has a natural (Der k[[t]], Aut /c[[t]])-structure, 
i.e. a simply transitive Der /c[[t]]-action extending the fiberwise Aut fc[[t]]-action. 
We define 

(3.L1) £0(X)c = C^ XAut fc[[t]] ^° W' /:(X)c = C^XAutM[*]]^W- 

If X is affine, we define, in a similar way, the ind-scheme C{X)c starting from C{X). 
Because of the simple transitivity of the Der /c[[t]]-action on C^, the (ind-)schemes 
thus constructued possess natural connections along C which are compatible with 
the embeddings C^iX)c C C{X)c and, for X affine, £°(A:)c C C{X)c. 

Note that C^ {X)c is nothing but the scheme of infinite jets of morphisms C — > X, 
so it is easy to describe explicitly the functor represented by C^{X)c (and also by 
C{X)c, C{X)c)- Let us introduce some notations. For a scheme S and a morphism 
f : S ^ C we denote by r(/) C S x C the graph of /. Let /red : •S'red ^ C be the 
restriction of / to ^red • We have then the following sheaves of fc-algebras on 5 x C 
supported on r(/): 

- Op the completion of OsxC along r(/), i.e. the sheaf of functions on the 
formal neighborhood of r(/). 

- /Cp the sheaf of functions on the punctured formal neighborhood of r(/). 
Thus /C^ is obtained from O^ by inverting the local equations of the divisor 

r(/) csxc. 

- ICi C /Cp the subsheaf of sections whose restriction to S'red x C lies in 

J red ./red 

(3.1.2) Proposition, (a) The sheaves O^ and /Cy are sheaves of local rings. 

(h) The scheme C^\X)c represents the functor \\ q : Sch — > Sets which as- 
sociates to a scheme S the set of pairs (/, p) where f : S ^ C is a morphism of 
schemes and p : (r(/), O^) -^ X is a morphism of locally ringed spaces. 

(c) The ind-scheme C{X)c ind-represents the functor \x,c defined as in (h) hut 
with O^ replaced by /Cv . 

(d) Similarly, when X is affine, the ind-scheme C{X)c ind-represents the functor 
^x,c defined as in (b) but with O^ replaced by K,^ . 
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Proof: (a) By choosing an etale coordinate y on C and using the relative etale 
coordinate y — f{s) on C x S, we reduce to the case when C = A^ and / is constant 
with value G A^ Then 

0^ = Os[[t]], }Cf = Osm), }Cf = Osm)^ 

and our assertion follows from (2.2.1)(a) and (2.4.4)(b). 

(b) The projection vr : C^ — > C induces, for any scheme S, a map of sets 

TTs : Hom(5,£°(X)c) ^ Bom{S,C). 

It is enough to show that for any f : S ^ C the set vr^ (/) is naturally identified 
with the set of p : (r(/), O^) -^ X. Further, since both functors A^^ q and T^/^aix^c 
are sheaves of sets on Sch, it is enough to construct such an identification Zariski 
locally on S. But locally on S we have, from the definition (3.1.1): 

7r^i(/) =Lifts(/,C^) XAutMW]Hom(5,£°(X)), 

where Lifts(/, C^) is the set of / : S" ^ C^ such that vr/ = /. Recall that 

Hom(5,£°(X)) = HomLrs((5,05[[t]]),^). 

This means that 

7r^'(/)=HomLrs((5,^),^), 

where A is the sheaf of rings on S associated to the presheaf 



u^[^ n ^^[w]) 



Aut fcf 



7eLifts(/|[;,c-^) 

But it is clear that A — OO , whence the statement. Parts (c) and (d) are proved 
similarly. 

D 

(3.2) Factorization monoids. Let C be a smooth curve, as before. For any 
surjection J ^» / of finite sets and i G / we denote by Ji the preimage of i. To such 
a surjection one associates, in a standard way, the "diagonal" embedding A''^' ^■' : 
C^ ^-^ C"^ . Let [/("'Z^) c C"^ be the locus of {cj)j^j such that Cj ^ Cj' whenever 
the images of j and j' in / are different. We denote by j^-^i^> : [/(■^Z^) <;^ C^ the 
embedding. 
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(3.2.1) Definition. Let Y be an ind-scheme over C. A factorization monoid 
structure on Y is a collection of ind-schemes Yj over C^ with a formally integrable 
connection, given for each nonempty finite set I such that Yji} = Y and Yj is 
formally smooth over C^ , equipped with the following data: 

(a) An isomorphism of C^ -ind-schemes u^-^'^' : A^'-''^'*Yj ^Yj for every sur- 
jection J ^^ I, compatible with compositions of surjections. 

(b) An isomorphism of U^'^'^' -ind-schemes 

^iJ/i) :j(^/^>{U,^,YjJ^j(^/^>Yj 

for every J ^> I, such that for K ^^ J the isomorphism k^^'^' coincides with the 
composition k^'^'^' o (Hig/'^ )• ^^ ^^-^^ demand that v, k are compatible in 

the following sense : for every J ^^ J' ^^ I one has u^'^''-' ' o iSS-^i-^ '*{k^'^'^') = 

(3.2.2) Remarks, (a) This is a nonlinear counterpart of the concept of a fac- 
torization algebra due to Beilinson and Drinfeld [BDl] [G], see also (6.1) below, 
factorization monoids can be used to construct factorization algebras by applying 
"natural" linear constructions. 

(b) More generally, we can speak about a factorization monoid structure on any 
functor y : Sch — > Sets (not necessarily representable by an ind-scheme) which is 
equipped with a morphism to C (i.e. to the representable functor ric\ 

(3.2.3) Example. Let G be an affine algebraic group over k. Then L^{G) is a 
group scheme and vC(G) is a group ind-scheme over C . The quotient ind-scheme 
0r(3 = L{G)I C^{G) is known as the affine Grassmannian associated to G. The 
natural family of such Grassmannians over C, i.e. the ind-scheme ^rQ{C) = 
C{G)c/CP{G)c is known to have a structure of a factorization monoid, see [G, 
§5.2.2]. 

Now, the main result of this section is the following. 

(3.2.4) Theorem. Let X be a scheme of finite type. Then the C-scheme C^{X)c 
and the C -ind-scheme C{X)c possess natural structures of factorization monoids 
so that the embedding C'^{X)c C C{X)c is a factorization homomorphism. Sim- 
ilarly, if X is affine, then the C -ind-scheme C{X)c has a natural structure of a 
factorization monoid so that the embedding C^{X)c C C{X)c is a factorization 
homomorphism. 

(3.3) Factorization monoid structure on the functors represented by 

C^\X)c,C{X)c and C{X)c- Let S* be a scheme and // be J-uple of morphisms 
fi : S ^ C, i £ L. We denote by r(/7) C S x G the union of the graphs of the fi's 
and by fibred C S^ed X G the union of the graphs of the fibred- Let us introduce, 
similarly to (3.1), the following sheaves of rings on S x C with support in T{fi) : 
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- O^ , the completion of Osxc along T{fi), i.e. the sheaf of functions on the 
formal neighborhood of T{fi). 

- K,^ , the sheaf of functions on the punctured formal neighborhood of r(//). 

- )Cj-^ C /Cj^, the subsheaf of sections whose restriction to S^ed x C lies in 
O"} C /C^ . 

J 7, red ,/ /.red 

(3.3.1) Proposition. The sheaves O^ and }Ci are sheaves of local rings. 

Proof: The case of O^ is immediate because {T{fi),0^ ) is the formal neighbor- 
hood of r(/7) in S" X C, hence it is a locally ringed space. The case of lOi^ is analog 
to the proof of Proposition 2.2.1. Indeed we can assume that C = Spec A; [t] and 
S = SpecR. Set 6. = /*(t), K^ = H^{T{fi),lcf^), and 0% = H%r{fi),0%). 

The ring /T^^ is identified with the series ^j^^_^ az(i) Hi (^—^i)^ where aj(t) G R[t] 
are polynomials of degree less than |/| with nilpotent coefficients if / < 0, and the 
subring O^ with the series such that ai{t) = if / < 0, see Example (3.7). We 

have Spec (-fC^ ) = Spec {O^^ ) because IC{-^ is a nilpotent extension of 0(}^ . Let 
i : T{fi) -^ Spec (OO ) be the natural map. Then 

The proposition follows. D 

(3.3.2) Definition. Let I be a nonempty finite set. 

(a) We define the contravariant functors X^ ^j , Xx,c' from Sch to Sets as 
follows. For a scheme S the set X'^^^,i{S) consists of pairs {fi,p) such that 

fi G Homsch.(5,C^) and p € HomLrs. ((r(//), 0;)^^, X). 

The contravariant functor Xx,c' ^-^ defined similarly but with O^ replaced by /Cv . 

(b) If X is affine, the functor Xx c' from Alg to Sets is such that the set 
^x,c'{R) consists of pairs {fi,p) with 

/, GHomsch. (Spec i?,C^) and p G HomAig, (A:[X], HO(r(/,),/C^J). 



The embeddings of sheaves of rings O^ "^-^ /C^ ^^ K,^ induce embeddings of 
functors A^ ^i ^^ Xx,c' '~^ ^x,c' ■ 
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(3.3.3) Proposition. Let X be a fixed scheme of finite type. The families of 
functors (X^^^j), (Xx^c'); {^x,c') ^^^^ ^ running over nonempty finite sets, form 
each a factorization monoid in the category of functors. 

Proof: This is almost obvious by construction. Indeed, let J ^> / be a surjection of 
nonempty sets. Then A^"^' ^''* of the Jth functor in any of the three families takes S 
into the set of (/,/, p) where /,/ is a morphism S — > C'^ which in fact lie in the image 
of A^'^'^' . Thus fj comes from a uniquely defined /-tuple //. Now, r(/j) = r(//) 
and so each of the three sheaves O^,IC^,l0^ associated to them coincide. This 
gives the datum (a) of Definition 3.2.1. Similarly, jy-^'^' applied to the Jth functor 
in any of the families, takes S into the set of {fj,p) where /j : 5 — > U^'^'^' . But 
this means that T{fj) = IJig/r(/j. ) and hence on the level of set of morphisms 
of r(/j) equipped with any of the three sheaves of rings, we get a direct product. 
This gives the datum (b), i.e. the isomorphism k^'^'^' . The associativity of these 
isomorphisms is obvious. D 

Therefore, to establish Theorem 3.2.4, we need only to prove the represent ability 
of the functors A^ ^;, \x,c' ai^d, when X is affine, of \x,c' ^ ^^ ^e\\ as to prove 
the formal smoothness of the structure morphisms of the representing objects to 



(3.4) The global space of germs of arcs. 



(3.4.1) Proposition. The functor X^x c^ ^"^ representable by a scheme £^(X)( 



of infinite type over C^ . 

Proof: For n > let C'"-* be the nth symmetric product of C. As C is a smooth 
curve, C^"' is identified with the Hilbert scheme Hilb"(C) parametrizing sub- 
schemes in C of finite length n. Explicitly, to a point of C^"-* , i.e. an effective divisor 
-D on C of degree n, there corresponds the subscheme Z^ = Spec [Oc/Oc{—D)y 
The following lemma is well-known. 

(3.4.2) Lemma. LetT be a k-scheme, andX,Z be any T-schemes. Assume that 
the morphism Z ^> T is finite, and that X ^ T is of finite type. The contravariant 
functor 

Sch -^ Sets, S H-> Hom^ {S x Z,X), 

is represented by a T -scheme Ham {Z,X). 

Let Z C C X C*^") be the total space of the family of the schemes Zd, D G C^"). 
We set Map^{C,X) = Homc(^){Z,X x C^")). Let n^ be the composition of the 
maps 
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where the first map takes the J-uple (ci,i G /) to thelx[l,n+l]-uple (q, q, ...,Ci,i G 
/), each Ci counted n + 1 times, and the second map is the projection from the 
Cartesian product to the symmetric product. Let i3° (X)^/ be the fiber product 

(3.4.3) CyX)ci = C xc((n+i)|.|) Map("+i)l^l (C, X). 
For any /-uple c G C^ we have inclusions of subschemes of C 

(3.4.4) n?(c) Cn}(c) Cuf(c) C ••• 
Thus we get a projective system of schemes 

^i{X)ci <- C2{X)ci ^ C^{X)ci ^ ■■■ 

The morphisms in this projective system are affine because the embeddings u^{c) C 
u^~^ (c) are purely nilpotent. Therefore we have the limit scheme 

C^{X)cr =lhn Cl{X)ci. 

* n 

We claim that the scheme C'^{X)(ji represents the functor A^^^/. Indeed a mor- 

phism from a /c-scheme S to C''^{X)ci is a pair {fi,p) where fi : S ^ C^ and 
p : u']{fi) ^ X are morphisms of schemes. Here u^{fi) C S* x C is the subscheme 
of relative length n\I\ over S corresponding to the 5'-point // of C^ via u". When 
we pass to the limit we get lim O^^i^fj-^ = O^ . D 

(3.4.5) Remark. When X = Spec^ is affine, the scheme C'^{X)c, being the 
scheme of infinite jets of maps C — > X, is the spectrum of a commutative Oc- 
algebra with connection along C (in fact, of the universal such algebra with con- 
nection generated by Oc 'S'k ^)- According to Beilinson and Drinfeld [BDl], [G], 
commutative Oc-algebras with connection are particular case of chiral algebras 
which, in their turn, give factorization algebras. So our construction in this case is 
a particular case of theirs. 

(3.4.6) Proposition. Let (j) : X ^ Y be an etale morphism of schemes of finite 
type, and vr : C — > Z? be a morphism. of smooth curves. Then 

(a) if TT is etale then each morphism C%{(j))^i : C^{X)ci — > £°(^)d^ is etale, 

(b) the square 

Cl{X)ci - Cl{Y)ni 
i i 

as well as the analogous square for C^{X)j^i , C^^{Y)j^i, is Cartesian. 



22 M. KAPRANOV AND E. VASSEROT 

Proof: (a) Let S be any scheme. Given two compatible morphisms 

a = {ai,pa) ■■ S^^d^ Cl^{X)ci, (i={fii,pp) : S ^ Cl^{Y) ^i , 

we must prove that there is a unique morphism 7 = (7/, /c-y) : S -^ C^{X)ci which 
sphts the square 

5'red -^ ^n{^)c' 
i i 

S ^ Cl{Y)j,,, 
into two commutative triangles. We have a commutative square 

(3.4.7) i i -^ 

S ^ D'. 

Thus, -K being etale, there is a unique morphism 7/ : S ^ C^ splitting (3.4.7) into 
two commutative triangles. Let the subschemes 

<(«/) C 5red X C, u'}{l3i)(ZSxD, u'}i-fi)cSxC 

be as in (3.4). We have a Cartesian square 

U'liai) -> S'red X C 

I i 

uji^i) ^ SxC, 

yielding a nilpotent extension of schemes u^{aj) — > u^{'jj). This map fits into a 
commutative diagram 

(3.4.8) i i ,^ 

«?(7/) ^ y 

where the lower arrow is the composition of the chain of maps 

Thus, 4> being etale, there is a unique morphism pj : ^7(77) -^ X splitting (3.4.8) 
into two commutative triangles. We have proved (a), 
(b) Let 

V' : Cl{X)ci ^ Cl{X)ci Xc"„(Y),, Cl{Y)j,, 
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be the morphisni induced by the diagram. To prove that ip is an isomorphism we 
show that for every scheme S and every two compatible morphisms 



a 



S^C'oiX)c', P:S^Cl{Y)oj 



there is a unique 7:5*^ C^{X)ci such that ■0(7) = {(^■>o)- By definition 
a = {a J, Pa) with aj : S -^ D^ , p^ : u^{aj) -^ Y morphisms of schemes. 
Similarly /3 = {I3i,pj3) with f3j : S ^>- C^ , pjs : T{/3i) — > X. We look for 7 = (77, p^) 
with 7/ : 5 ^ C^, p^ : u'ji-ii) -^ X. 

We first prove the existence of 7. Take 'ji = (3i. Next, by compatibility of a and 
(3 we have (Id x 7r)(r(/3/)) = T{aj), and this implies that Id x vr induces a morphism 
zu : u"(/3/) — > u^{aj). Composing w with pa we get a diagram 

r(/3/) ^ X 

I I 

uUPi) ^ y, 

with horizontal arrows p^g, pa o w and right vertical arrow vr. This diagram is 
commutative by compatibility of a and (3. Now the left vertical arrow is a nilpotent 
embedding, while the right vertical arrow is etale. Therefore there is a unique 
morphism p^ : u^^fSj) — > X splitting the diagram intotwo commutative triangles. 
We now check the unicity of 7. That ■0(7) = {l^iCn) means that, first, j3i = 7/ 
and the diagram (whose horizontal maps are p^, p^ respectively) 

T{(ii) ^ X 

i / 

<(/?/) 

commutes and, second, a/ = tt^ o 7^ and the diagram (whose horizontal maps are 
o p^. Pa respectively) 

u^{li) ^ Y 
i / 

commutes. The second condition determines (jyo p-y uniquely as pa °vj. So p^ splits 
the following square into two commutative triangles 



r(/3/) - 


-^ X 


i 


i 


<(/?/) - 


-^ y^ 



so it is unique because is etale. D 

(3.5) The meromorphic loop space of an affine scheme. Here we prove the 

ind-representability of the functor A^ c"/ for X affine. We first treat the case when 
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X = A^. Let / be fixed. To every point {ci)i^i G C^ we associate the effective 
divisor ^ q on C. For every tti, n > let Amn be the vector bundle on C^ whose 
fiber over (q) is the vector space of global sections of the coherent O-diniensional 
sheaf 

Oc{mj:ci)/Oc{-nj:c,) 

on C. Thus rk{Amn) = |/|(m + n). Let Amn be the total space of the bundle Amn, 
considered as an algebraic variety over C^ . When m,n vary, these varieties form a 
double inductive-projective system and the following is then obvious. 

(3.5.1) Proposition, (a) For every m > the limit liuiAmn exists as a scheme. 

n 

The ind-scheme C{A^)(ji = lim lim Amn represents the functor A^i c' ■ 

^ m ^ n 

(h) C{K^)(ji has a natural structure of a k-algebra object in the category of ind- 
schemes over C^ . 

Proof: A morphism of fc-schemes Speci? — > Amn is a pair of a niorphism of k- 
schemes // : S ^ C^ , and a morphism of sheaves of fe-algebras Oa„„ ^o j R ^ R 
(here, the right hand side is identified with the constant sheaf on C^). There is a 
canonical isomorphism 

lim lim Hom(OA„„0Oo.i?,«) =^H°(r(/,),/Cj,) ~HomAig(A;[x],H°(r(/,),/C/,)). 

' m ^ n 

Claim (a) is proved. In part (6), the variety Amn is not a ring scheme. However 
there is an obvious map Amn x Am'n' -^ Am+m' ,n+n' which induces a ring structure 
on the limit of the ind-pro system. D 

(3.5.2) Proposition. For any affine X of finite type the functor Xx c' ^^ repre- 
sentable by an ind-scheme C{X)(^i over C^ . 

Proof: By part (b) of Proposition 3.5.1, for every / € k[xi, -.-^Xd] we have a mor- 
phism of ind-schemes 

C{f)ci:{C{h})c'Y^£-{^^)c^- 
If now the scheme X is given in some A'^ be equations fj{xi, ■.■,Xd) = 0, then Xx,c' 
is represented by the ind-scheme C{X)(ji which is the intersection, in (£(A^)(7/) , 
of the preimages of under the C{fj)ci , i-e. the inverse limit of an obvious diagram 
in the category of ind-schemes. D 

(3.5.3) Corollary. For an affine scheme X the functor Xx c' ^^ represented by 
an ind-scheme C{X)qi which is the inductive limit of the formal neighborhoods of 
C^\X)(ji in the schemes of an inductive system for C{X)(ji . 

(3.6) The global loop space of an arbitrary scheme. Let now X be an 

arbitrary scheme of finite type. The (ind-) represent ability of the functor Ax c' 
follows from Corollary 3.5.3 for the affine case and from the general gluing properties 
of the functors summarized in the next proposition. 
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(3.6.1) Proposition, (a) The functor \x,c' *•* (^ sheaf on Sch. 

(b) IfUdX is an open subset, then the induced niorphism of functors \ij,c' ~^ 
Xx,c' is open. 

(c) Let {Ua}a^A be an open covering of X . Then Ax c' ^-^ equal to the cokernel, 
in the category Shf , of the pair of morphisms 



W^u^nUp,c'^W>' 



Uc,,C' 



a,/3 



Proof: (a) For any fj:S^C^ the graph r(//) is identified with S, so /C^ can 
be regarded as a sheaf of local rings on S. So our statement follows from the fact 
that the representable functor r]x on Lrs is a sheaf. 

(b) Let 5" be a scheme and u a morphism of functors rjs — > Ax c^ ■ WE need to 
prove that the fiber product of rjs and Xjj qi over Ax c' is represented by a scheme 
S' whose natural morphism to S is an open embedding. To see this, we view u as 
an element of Ax,c^('5'), so u = {fi,p) with fj:S^C^ and p : {T{fi),K/s ) — > X. 
Notice that r(//) ^ S, so p gives, in particular, a continuous map of topological 
spaces p : S ^ X. It is clear then that the fiber product mentioned above is 
represented by the open subset S' = p~^{U) C S. 

(c) This follows from (b) and from Lemma 2.4.7(c). D 

An immediate corollary of Proposition 3.6.1 and Corollary 3.5.3 is that the func- 
tor Ax c^ is representable by an ind-scheme C{X)(ji over C^ . Then, Proposition 
3.3.3 implies that the collections of schemes and ind-schemes C^\X)(ji and C{X)(ji 
are factorization monoids in the categories of schemes and ind-schemes. To finish 
the proof of Theorem 3.2.4 it remains to establish part (b) of the following. 

(3.6.2) Proposition, (a) If (f) ■ X -^ Y,7t : C -^ D are etale morphisms, then the 
induced morphism C{(f))^i : C{X)(ji -^ C{Y)j^i is formally etale. 

(b) If X is smooth then the morphism C{X)(ji -^ C^ is formally smooth. 

Proof: To prove Claim (6) it is sufficient to observe that \iU <Z X,V <Z C are affine 
open sets with etale maps U — > A'', y — > A^ then the composition of maps 

C{U)vi -^ C{K'^)t^i -^ A^ 

is formally smooth by Claim (a) and the statement (3.7.5) of the example below. 

The proof of Claim (a) is similar to that of Proposition 2.5.4. Let S* be a scheme. 
We are given a : S^^d -^ ^{^)c'-> [i '■ S ^ C{Y)di, and we look for a unique 7 
which splits the square 



'-'red 


- C{X)ci 


i 


i 


s - 


- C{Y)di^ 
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The morphism a consists of a pair (a/ : S'red ^ C^ ^ Pa '■ (^{cii),^i) -^ X). 
Similarly /3 consists of a pair (/?/ : S -^ D^ , pp : (T{(3i),ICp^) -^ Y). We must 

construct a pair (77 : S -^ C^ , p^ : {T{^i),IC^fj) — > X). There is a map 7/ 
splitting the square 

'-'red * L/ 

i i 

S ^ D^ 
into two commutative triangles, because vr^ is etale. We have a Cartesian square 

r{ai) ^ S^edxC 

i i 

r(7,) ^ sxc, 

which implies that we have a morphism of ringed spaces i : (r(a/),/Qv,) -^ 
{T{'jj),JQyj ) with nilpotent kernel. This map fits into a diagram of ringed spaces 

(r(a/),/c^) -> (r(7,),/o;;) 

i i 

X ^ Y, 

where the left vertical arrow is pa : (r(a/),/Qv;) -^ X, the right vertical arrow is 
the composition of j : (T{^i),ic(^) ^ {T{l3i),lC^) and p^ : {ri(3i),lC^) ^ F, 
the topological map underlying j is jtop = (Ids x t^^) '■ r(7/) — * Tt/^/) and the 
structure morphism j^ : ICi — > /Cy^ is an isomorphism. Note that i yields an 
isomorphism of underlying topological spaces. Let p be any point in T{ai). We 
have a diagram of stalks 

T T 

where the upper horizontal map is i* , hence has a nilpotent kernel, and the lower 
horizontal map is (/)*, hence is etale. Therefore there is a unique morphism of rings 
Ox,p„{p) -^ (f^i )p for each p. Theses morphisms give a morphism of sheaves of 
rings p~^.^pOx -^ )Oyi , i-c a desired morphism of ringed spaces 7. D 

(3.7) Example : the cases C = A^ and X = A'^. Let C = Speck[t]. If 
S = SpecR, a morphism // = (fi) : S —* C^ is the same as a collection of elements 
bi = f*{t) G R. Assume these have been fixed. Then the subscheme u^{fi) C S xC 
from the proof of Proposition 3.4.1 is described explicitly : 

(3.7.1) uUfi) = Spec {R[t]/n.ej{t - b,r+'). 

This implies the following. 
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(3.7.2) Proposition, (a) The ring 

^ n 

is identified with the set of series X^l^o '^'(^) Ilil^ ~ ^iY ' where ai{t) £ R[t] are 
polynomials of degree less than \I\ (such polynomials form a set of representatives 
forR[t]/U,{t-h)). 

(b) The ring H^{r{fi),ICfj) is identified with the set of series Xli>-oo "^K*) Ilit^^ 
biY , where ai{t) are as in (a). 

(c) The subring H^(T{fi),K/. ) is identified with the series as in (b) but with 
the condition that all the coefficients of the polynomials ai{t),l < 0, are nilpotent 
elements of R. 

(3.7.3) Notation. For fixed bi £ R and a € H^{T{fi),lCf,) we denote by ai{t) G 
R\i\ the Ith coefficient of tlie series corresponding to a by Proposition 3.7.2(b) and 
by aiiy £ R, v = 0, ..., \I\ — 1, the i^th coefficient of the polynomial ai{t). 

Assume moreover that X = A^ with coordinates xi, ...,Xd- In this case we can give 
a completely explicit description of the ind-schemes £(A )j^i and £(A )^i, using 
Proposition 3.7.2. Indeed, 

Aa^,aK^) ={ib^,p) I (bi) £R',p: k[x] -. if°(r(/z),/Cy,)}. 
The algebra homomorphism p is uniquely determined by the choice of 

7|-1 



O-oo !/=0 iel 



Jj) 



A choice of p{xj) is the same as a choice of elements aj^ G R. Thus the universal 

case corresponds to bi,aiJ, with i £ I, j £ [l,d], I £ Z and u £ [0, |/| — 1], being 
independent variables, i.e. 

(3.7.4) >C(A'^)a/ = lim Spec k[bi, a^^^^l > -N] . 

and 

(3.7.5) £(AV=lim Spf fc[6„ aj^^; / > 0][[a{?; -iV < / < -1]]. 

Notice further that 

£0(AV=SpecA:[6i,aS^);0</<n]. 
In particular, we have a natural morphism 

(3.7.6) ej,.j : £(A'^)a/ ^ /:[1(A'^)a. 
taking ah a[l\l ^ 0, to 0. 
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(3.7.7) Proposition. If X, C are affine and : X — > A'', vr : C — > A-*^ are etale 
morphisms, there is a Cartesian diagram 



C{X)cr - 


-^ C{A'^' 


I 


i 


C'oiXh^ - 


-^ /:S](A'' 



Proof: The proof is similar to that of Proposition 2.6.1.(b). Consider the diagram 

£0(X)c. ^ C'^{X)c^ 

I I 

cix)ci ^ /:[;(A'*)a^ 

where the right vertical arrow is CQ{(f))T^i, the lower horizontal arrow is the compo- 
sition of e^dj : £(A'^)a/ -^ /:o(A'^)a/ defined in (3.7.6) and £(0)^/ : C{X)ci -^ 
C{A'^)^i. The upper horizontal arrow is the natural projection of C^{X)(ji to the 
0-th term of the projective system, see (3.4). Further, the left vertical arrow is an 
inductive limit of nilpotent embeddings of schemes, while the right vertical arrow 
is etale by (3.4.6). Therefore there exists a unique morphism O^^^^i : C[X)(ji — > 
Cq{X)ci splitting the diagram into two commutative triangles. 

Combining d(f,^^i with C{(l))„i : C{X)qi -^ C{A'^)^i we obtain a morphism 

(3.7.8) V' : ^X)ci - C^oiX)c' X£°(a-),, ^(A'*)a- 

We claim that ip is an isomorphism and to prove this we construct its inverse x- 
Let 5 be a scheme. A morphism from S to the RHS of (3.7.8) is a compatible pair 

(a : 5^£(AV,/3 : 5 ^ £°(X)cO- 



We construct a morphism x(a,/3) : S — > C{X)(ji. For this notice that a{Sred) C 
C'^{A'^)^i and (3{Sred) C C^{X)ci- By Proposition 3.4.6. (b) we have a map 7 : 
S'red -^ '^^{X)c'- The composition 7 of 7 and the embedding C'^{X)ci -^ C{X)ci 
gives a commutative diagram 



•S'red -^ ^{X)c" 

i i 

S -^ £(A 



d\ 



Because C{(l))„i is formally etale by (3.6.2)(a), we set x{<^i(3) to be the unique 
splitting of the diagram into two exact triangles. The verification that x is inverse 
to ^l' is straightforward. D 
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(3.8) The global loop space as an ind-object. We first consider the case 

X = K'^,C = A^, employing the notations of (3.7). Let e = (e_i,e_2, ...) G E be as 
in (2.6). Define the scheme 

(3.8.1) £^(AV=Spec(M6.,aS^V("S'.\---«S+.,;^<0))' 

where j G [l,d], / € Z, and ui, ..., i^i+e, G [0, |/| — 1] are arbitrary for / < 0. It is 
clear that 

/:(AV=iim/:^(AV- 

next, assume that X is an arbitrary smooth scheme of finite type and C is an 
arbitrary smooth curve. Then X can be covered by open U = Spec A possessing 
an etale map (j) :U ^ A'^ and similarly C can be covered by open V possessing an 
etalevr : V ^ AK We set 



^''(.(t>)ni = Cq{U)v! X£0(Ad)^^ C^{A )a/, 



where the map C^{A'^)f^i — > >Cq(A'^)^/ is the restriction of 9^d j defined in (3.7.6). 
This is an affine scheme. 



(3.8.2) Proposition. The ind-object "lim " C^{(f))^i in Sch is isomorphic to C{U) 



V' 



Proof : This follows from the caseX = A*^, C = A^, from Proposition 3.7.7, and 
from the fact that fiber products commute with filtering inductive limits. D 

(3.9) The global loop space as an ind-pro-object. We keep the notation of 
(3.8). For e € E, n > 1 consider the scheme 

(3.9.1) CI{A'')k' = Spec(fe[6.,ai^^/ < n\/ {a\i\- ■ ■ a\'X+.))- 
We set 

(3.9.2) C'M)^! = Cl{U)yi X£0(A.)^^ CliA")^!, 

where the map C'^{A'^)^i -^ Cq{A'^)j^i is defined as 6^dj in (3.7.6). 

(3.9.3) Proposition, (a) The scheme C'^{<l))^i is of finite type and is a nilpo- 
tent extension of C^{U)yi . The second projection C'^[(f))^i -^ C'^[A'^)^i is etale. 
Moreover ^^{(p)^ I = lim C^^cp)^! . 

(b) The schemes C^{<j))^i form a double ind-pro- system with Cartesian squares 
(n' > n, e < e' ) 

i ,i 
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where the vertical arrows are smooth affine morphisms. 

(c) The ind-pro-object "lira " "lini "C'^{(f))^i is independent, up to isomorphism, 

^ € * n 
on (pjTT. 

Proof: The proof of (a) is similar to that of Proposition 3.8.2. In order to prove 
that £,^{(I))t^i -^ C^{A'^)j^i is etale, due to (3.9.2) it is sufficient to check that 
the morphism Cq{(J))t^i : £o(C/)y/ -^ Cq{A'^)^i is etale. This is a consequence of 
Proposition (3.4.6) (a). 

Claim (6) is obvious in the case ^ = Id, vr = Id. The general case follows from 
(3.9.2) since the base change of a smooth affine morphism is still smooth affine, and 
the base change of a Cartesian square is Cartesian. 

(c) The pro-object "lim " C^^cj))^! in Pro(Aff ) can be identified, due to Proposi- 

tion 2.1.2, with the scheme £'^(0)^/. The ind-object "lim "C^{(t))^i in Ind(Pro(Afr''*)) 
can then be identified with the ind-scheme C{U)vi ■ Q 
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4. D-MODULES OVER IND-SCHEMES 

(4.1) Reminder on D-modules. From now on we assume that char(A;) = 0. Fix 
a fe-scheme S of finite type. Let Sch^ denote the category of ^-schemes of finite 
type. For any such scheme X let O^ be the category of all quasi-coherent Ox- 
modules. For a morphism / : X ^ y in Sch^ we denote by /*, /* the functors of 
the direct and inverse images on Ox, Oy. If / is a closed embedding and £ £ Oy, 
let 

(4.1.1) f£ = f-'nomoy{hOx,£) 

be the inverse image of the subsheaf of £ consisting of sections supported scheme- 
theoretically on f{X) C Y . 

For X G SchJ let Dx/s be the category of coherent right 2?x/5-™oclules on X. 
It is defined as follows, see [BD2, §7.10] or [G, §0.2.2]. If X is smooth over S, then 
we have the sheaf of rings "Dx/s of differential operators from Ox to itself which are 
linear over Os- An object of Dx/5 is then a coherent sheaf of right Px/s-™odules. 
It is quasicoherent over Ox- Next, if X admits a closed embedding into a smooth S- 
scheme Y, one defines Dx/5 as Dy/5 X; the full subcategory of T)y/s consisting of 
modules supported (as sheaves) on X . This definition is independent on the choice 
of embedding: if X is embedded into two smooth ^-schemes Yi and I2 , then one has 
an equivalence Y)yi/s,x ~^ ^Y2/s,x which is unique up to a unique isomorphism 
of functors. Now, given any X , an embedding into a smooth scheme always exists 
locally on X. Therefore we have an open covering X = [jUa, the categories 
D(/^/5, D(7^ /5 etc. and the obvious restriction functors among them. One then 
defines an object Ai of Dx/5 as a collection of objects Aia £ ^u^/s together with 
isomorphisms of their images in Du^ /g whose images in Mor(D^^ /s) satisfy the 
obvious compatibility conditions. 

Given X G Sch^ and M. £ Dx/s, we define a sheaf M.'^ € Ox as follows. If X 
admits a closed embedding i : X ^ Y with Y smooth over S and M is represented 
by a sheaf of right Py/g-modules supported on X (which we also denote A4) then 
we set Ai^ = vM. This definition is easily seen to be independent on the choice 
of y. In the case of a general X one defines A^'-' by gluing the sheaves given by 
above procedures on open parts of X admitting embeddings into smooth schemes. 

Any smooth morphism / : X — > 1" in Sch^ induces the functor of inverse image 
/• : Dy/g — > Dx/g. If tJx/Y is the relative canonical bundle, then 

We have then a canonical embedding 

(4.1.2) M^'-^UirMf^io-^'^y). 
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If / : X ^ Y is a closed embedding in Sch^, we have an exact functor of direct 
image /, : J^x/s ~* '^y/s- Iii the particular case when X,Y are smooth over S, 
we can view A4 G Dx/5 a-s a sheaf on X and we have 

Here Vx^y is the sheaf of differential operators from f~^OY to Ox linear over 
Os, see [BB], [G]. 

For a general closed embedding / we have a canonical embedding 

(4.1.3) M''^f'f.iM)-^f-'f.{M). 

For example, if X is non-reduced and i : X^^^ '^^ X is the reduced part, then i, 
identifies Dx^^/s with Dx/5- 

We have the following base change property. 

(4.1.4) Lemma. Suppose that in a Cartesian diagram, of S -schemes of finite type 

X ^ X' 

Y ^ Y' 

the morphisms f,f' are smooth, i,j are closed embeddings. Then for any M G 
Dy/5, we have 

i.fM^f'j.M. 

Note that if / is a closed embedding of smooth schemes over S, the inverse image 
functor /• is still defined. Furthermore, the projection formula holds for right "D- 
modules. More precisely, if / is a closed or open embedding of smooth S-schemes 
and M G D^/s, A/" G Dy/5, then there is a canonical isomorphism 

(4.2) D-modules over pro-schemes. 

(4.2.1) Definition, (cf. [Kap].J Let A he a filtering poset and {CQ,)aeA be an 
inductive system of categories labelled by A. In other words, for each a < (3 we 
have a functor i^jB : Cq, — > C^, for each a < (3 < ^ a natural isomorphism 
ip-yoia^ =^ ia-y and these isomorphisms satisfy the obvious coherence conditions for 
any a < (3 < ^ < S. 

The inductive limit 21im Cq, is the category whose objects are pairs {a,Xa), 

a G A, Xq G Ob(Ca) and 

Hom((a,Xa),(/3,y^)) = lim iiomc^iiajixa),i(3'riyf3))- 
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(4.2.2) Definition. A S-scheme X^o (possibly of infinite type) is called compact 
if it can be represented as lim X^ where {Xa)a(^A is a filtering projective system 

over Sch_5 such that all the maps Paj3 : Xp -^ Xa, a < (3, are affine morphisms. 

(4.2.3) Proposition. A scheme is compact if and only if it is quasi- compact and 
quasi- separated. The category of compact k-schemes can be identified with a full 
subcategory in Pro(Sch^), via X^a = lim Xa ^-^ "lim "X^. 

Proof: This follows from [TT], Appendix C, Theorem C9. 

(4.2.4) Definition, (a) A compact S-scheme X^o is called smooth if it can be 
represented as lim Xa for some (Xa) as in (4-2.2) with the extra property that 

each Xa is a smooth S-scheme and each Pa/B is a smooth affine morphism. 

(b) Xoo is called almost smooth if it can be represented as lim Xa for some {Xa) 

as in (4-2.2) with the extra property that each PafS is a smooth affine morphism. 

(4.2.5) Example. For any smooth X G Sch^j,*, the scheme £°(X) is smooth and 
compact over Spec (A;), and the scheme C'^{X)ci is smooth and compact over C^ . 
Moreover, the schemes C^ {(/)), C'^{(j))^i from (2.6.3) and (3.8) are almost smooth. 

Let q : X^o -^ S he a compact almost smooth S'-scheme and (g^ : Xa -^ S) 
be as in Definition 4.2.4. We have two inductive systems of categories {Oxa^Paa)' 
(Dx„/5,P*/3)- We set Bx^/s = 21im Bx^/s- 

^ a 

(4.2.6) Proposition. The category D^^/s is independent, up to canonical equiv- 
alence of categories, on the choice of (Xa) as in (4.2.4). 

Proof : We first consider the case when X^o is smooth, so that each Xa is smooth 
over S. Let D^ ,^ be the category of left coherent Pxc,/S"i^odules. We have an 
equivalence 

Let also T)x^/s bs the sheaf of rings of differential operators on X^o linear over 
Os- It is equipped with the natural topology, see [KT], §1.7. Using the pull- 
back of left D-modules (which is the same as for quasi-coherent sheaves) we get an 
inductive system of categories D^ ,g. It is proved in [KT], §1.9, that 21im D^ ,g 

is identified with the category of discrete, locally finitely generated quasicoherent 
sheaves of left Pxoo/S'^modules, and thus is independent on the choice of {Xa). 
Therefore the category 21im D^^/s, being equivalent to the previous one, is also 

independent. 

Now assume that X^o is almost smooth. Fix oq ^ ^- Using a covering of X^^ 
by affine open subsets, we reduce to the case when Xa^ (and thus X^o) is affine. 
We can also assume that oq is the minimal element in A. Let us embed Xa^ as 
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a closed subscheme into a smooth affine ^-scheme Y^o- We can then extend each 
Pao,a '■ Xa — > Xao to a smooth map qao,a '■ Ya — > ^ao- We get then a smooth 
compact scheme Y^o = hm Y^ containing X^o as a closed subscheme. The category 

21im J^Xa/s is then identified with the category of sheaves of discrete locally finitely 

generated left Py^/5-modules supported on X^o- □ 

Informally, an object of Dx^/5 is a "P-module pulled back from some X^" ■ Let 
Pa ■■ Xoo -^ Xa be the projection. Let p* : J^x^/s ^ ^x^/s, Ma ^ (a, Ma) be 
the canonical functor. If the compact S'-scheme Xoo is smooth, there is the functor 

Dx^/s - 21im Ox„ C Ox^, P^Ma ^ {p^Maf ■= {{plf^Maf^o. u;-^X>c. 

In particular, we can associate to any M € Y)x^/s its "space of global sections", 
i.e., the direct image to S as an C-module. This is a quasi-coherent sheaf on S such 
that \i M = Pa-Ma then 

(4.2.7) q^M) := q^M"") = lim (g^),(X^, (p'^A^„)'^ ®o 0^-]). 

When S = Spec A;, we write T{Xoo,M) for q*{M). 
(4.3) P-modules over ind-schemes. 

(4.3.1) Definition. Let A be a filtering poset and {Ca)aeA be a projective system 
of categories labelled by A. In other words, for each a < (3 we have a functor 
jai3 '■ Cf3 — > Cq and for any a < (3 < ^ a natural isomorphism jaf3 o jf^-y => ja-y 
satisfying the obvious compatibility conditions. 

The projective limit 21imCa is the category whose objects are systems consisting 

of objects Xa G Ca given for all a ^ A and isomorphisms ja/sixfs) — > Xa given 
for each a < (3 and satisfying the compatibility condition for each a < (3 < ^. 
Morphisms are defined in the obvious way. 

(4.3.2) Definition. Let X°° be an ind-S-scheme. We say that X^o is discrete 
over S if it can be represented as X°° = "lim "X" where (X")^^^ is a filtering 

^ a 

inductive system over Sch_g such that each map iap '■ X" -^ X^ , a < j3, is a closed 
embedding. 

(4.3.3) Example. For any 0, U as in (2.7) the ind-scheme Cni4>) is discrete over 
Spec(fe). 

Let q : X°° -^ 5 be a discrete ind-scheme over S and {q" : X" -^ S) be as in 
Definition 4.3.2. We have then the projective system of categories (Ox^jiap)- We 
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define Ox°° = 21imOx«- If {£'^,^ai3 '■ £" -^ ^^ai3^^) i^ ^^ object of Ox~, then the 
direct images q^iS") form an inductive system and we define 

(4.3.4) q,£ = \im q^iS"). 

'a 

When S = Spec (/c) we write T{X^ ,£) for q^£. 

We will also use the category Ox«= which is the limit of the projective system 
of categories {Ox°',iaa)- There is a functor 

(4.3.5) Ox~x6x-^Ox~, {£,f)^£(S):F={£'^0Ox<^^'")- 

See [BD2, §7.11.4] for more details on Ox~, Ox^- 

We set alsoDx~/5 = 21im (Dx^/s^^af^*)- Let ia be the embedding X° '-> X°°. 

Let ia» : Dx^/s ~^ ^Xoo/s^ -^" ^^ {a,M.") be the canonical functor. It is exact. 
There is also the functor 

(4.3.6) Dx~/5 ^ O^oc , M = i^.M'^ ^M^ = ii^^.M'^T ■= (W.-^")^>a' 

see (4.1.3). In particular, to any M £ Y)x°°/s '^e can associate its direct image to 
S : if 7V4 is represented by 7V4° G D^o/s, then 

(4.3.7) q^M) := q^M^") = lim q^, {{iai3.M''f) ■ 

(4.3.8) Remark, (a) We have an exact functor 

21im Ox" -^ Ox~, {a,£") ^ {iaf3*£")f3>a- 

The two categories are not equivalent in general. 

(6) The category Ox°° is closed by inductive limits. 

(c) If the ind-scheme X°° is not discrete anymore, the Ox^-niodule i'f^n£^ may 
not be quasi-coherent. However the category Ox°° is still well-defined. 

Let X°° = lim X°' be a formally smooth (over S) discrete ind-S'-scheme. Fol- 

'a 

lowing [BD2, Proposition 7.11.8] we define the tangent sheaf of X to be the object 
0x°°/s G Ox°^ such that 

^ (8) ©x°=/s = lim Hom(il^c, /g,<?°), V£^gOx°°- 

Denoting i" : X" — > X°° the canonical embedding, we have that i°'*Qx°^ is is a 
locally free Cx^-module (possibly of infinite rank), see [BD2, Proposition 7.12.13]. 

(4.4) P-modules over ind-pro-schemes. The following definition is inspired by 
the paper of K. Kato [Kat]. 
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(4.4.1) Definition. An ind-S -scheme X^ is called locally compact if it can be 
represented as 

X^ = lim lim X^ 

where (X^) is a bi-filtering ind-pro-system over Schg with the following properties: 

(1) For each P £ B and a < a' £ A the structure map i^" : X^ -^ X^ is a 
closed embedding. 

(2) For each a £ A and (3 < P' £ B the structure map p^p, : XZ — > X? is an 
affine morphism. 

(3) For each a < a' £ A and (3 < (3' £ B the commutative square 

vet r , Yct' 

i i 

is Cartesian. 

We denote by Lc^ C Ischg the full subcategory formed by locally compact ind- 
S-schemes. 

Let (X^) be an ind-pro-system as above. The maps p'^^, being affine, the pro- 
jective Hmit hm X^ is represented by a compact scheme (possibly of infinite type) 

denoted by X^. Similarly, we have the discrete ind-schemes X2° = lim Xp. By 
definition X^ = lim X^. 

(4.4.2) Proposition. For an ind-pro-system satisfying the conditions of (4-4-i) 
we also have X2? = lim X2° = lim lim X'S . 

< (3 < /3 >a 

Proof: By passing to the functors represented by our (ind-)schemes, we reduce the 
statement (a) to the following lemma whose proof we leave to the reader. 

(4.4.3) Lemma. Let {Tp)a^A,i3eB be a bi-filtering ind-pro-system of sets. Then 
there is a canonical map 

c : lim lim Tg — > lim lim Tg. 

>Q< /3 < (3 >a 

If, moreover, all the squares in (Tg) are Cartesian, then c is an isomorphism. 

(4.4.4) Definition. We say that a locally compact ind-S-scheme X^ is smooth 
(over S) if it admits a presentation as in (4. 1.1) where : 

(1) All the pgg, are smooth morphisms of relative dimension djij^i (independent 
on a). There is an element (a, (3) £ Ax B such that Xg is smooth over S. 

(2) All the ind-S-schemes X2° = lim Xg are formally smooth over S. 
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Let X^ be a locally compact smooth ind-S'-scheme and (Xl^) be an ind-pro- 
system as in (4.4.1), (4.4.4). By Lemma 4.1.4, we have then a double inductive 
system of categories (Dx^/s^^p^ ^P$^') ^^^ ^^ define the category of (right) V- 
modules on X^ to be Dx~/5 = 21im J^x^/s- 

°° ''a,/3 ^ 

(4.4.5) Proposition. The category 'Dx'^/s ^^ independent, up to canonical equiv- 
alence, on the choice of (X^) as in (4.4-4)- 

Proof: Each X^ = lim Xp being almost smooth, the category Dx° /s = 21im Dx"/5 
depends, by Proposition 4.2.6, on X^ only. Next, for a < a' the functor Dx^* /s ~^ 
'D^"' /s depends only on the morphism X^ -^ X^ . This is seen by the same argu- 
ment as in (4.2.6). Let {X'~) be another ind-pro-system as in (4.4.4) representing 
X^. So X!^ = lim X^ = lim X^. The second equality (of ind-objects) means 

that each X^ is included into some X^ as a closed subset and vice versa. This 
means that Dx" /s is identified with a full subcategory in some 'Dj>ii,q and vice 
versa. Therefore their 2-limits are identified. D 

(4.4.6) Remark. Although we have defined Dx°=/5 as an abstract category, it is 
impossible, in general, to view its objects as sheaves in a more conventional sense. 
For example, it is impossible to associate to an object of Y)x°°/s its direct image 
onto S. Indeed, assume that S = Spec (k) for simplicity. If such an object Ai is 
represented by some Mg £ Dx° , then the spaces of global sections of the coherent 
sheaves 

iph'^$:' M'^pf = {p'^;^^^$:'M'^pf) ®o^^, ^xHx^ ^ O ; 

do not form an inductive system because of the twist by the relative canonical 
class. For a compact smooth pro-scheme it is possible to get around this problem 
by untwisting by the absolute canonical classes of the terms of the projective system, 
see (4.2.7). To achieve the same effect in the ind-pro-case one would need to make 
sense of the (absolute) canonical class of the ind-scheme X'^ , i.e. of the determinant 

of the (possibly infinite-dimensional) vector bundle 0x~- The impossibility of 
doing this ("the determinantal anomaly") is precisely the reason why there is no 
natural space V{X'^,M.). 

(4.4.7) Example, (a) If X is a smooth affine variety admitting an etale map to 
A*^, then the ind-scheme C{X) is locally compact and smooth. Thus, the category 
D£(x) is well-defined. If X is no longer affine it admits a covering by affine open 
sets Ua admitting an etale map to A''. Then, an object of ^c{x) is a sheaf on 
C{X) whose restriction to C{Ua) is an object of Y)c{Uc,)- 
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(b) If X is smooth then C{X)(ji ^ C^ is a locally compact and smooth ind- 
scheme over C^ . 

(c) If X is a smooth affine variety, then the ind-scheme C{X) is locally compact 
and formally smooth. But we do not know if it is smooth in the sense of (4.4.4). 
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5. De Rham complexes on IND-SCHEMES 

As in §4, let 5 be a fe-scheme of finite type. 

(5.1) Reminder on the De Rham complexes. Let q : X — > 5" be a smooth 
S'-scheme of finite type and A4 G Dx/s be a right Px/s-module. Its de Rham 
complex DTZ^M) is given by 

(5.1.1) Vn\M)=nomo^{ni^)s^^)=^^Ox /\~'®x/s, i<0. 

If (xj) is a relative etale coordinate system on an open part of X, then the differ- 
ential is given by the formula d = "^dx 'S' dxj where dxj £ Qx is considered as the 
contraction operator /\~' Qx -^ A~*~^ ©x- We denote by DR{M) = q^{VTZ{M)) 
the complex of direct images. 

Let i : X ^ y be a closed embedding of smooth S'-schemes and M G D^/s- The 
embedding (4.1.3) induces an embedding of the de Rham complexes T>TZ{M) ^^ 
i*'DTZ{i,M) and therefore an embedding of the complexes of direct images 

(5.1.2) DR{M)^ DR{i,{M)). 

Let p : X ^fY hea, smooth morphism of smooth S'-schemes of relative dimension 
d and M. € Y)y/s- Let q : X —^ S, r : Y ^ S he the structure maps. The 
embedding (4.1.2) induces an embedding of de Rham complexes which now involves 
a shift in the degrees: 

p*Vn{M) ^ Vnip'{M))[d]. 

It is induced by the map 

P* /\ Qy/S -^ ^X/Y ®Ox A ^X/S- 

In particular, we get an embedding of the complexes of direct images 

(5.1.3) DR{M)-^ DR{p'M)[d]. 

Note that without passing to the de Rham complexes there is no embedding of 
r^fM into q^p'M. The map (5.1.3) can be seen as a P-module manifestation of the 
fact that "fermions cancel the determinantal anomaly" . 

(5.1.4) Example. Take S = Spec (A;). Let Y = A'^ with coordinates oi, ..., Ud and 
i : X ^^ Y he the embedding of the affine subspace {oi = ... = a; = 0}, / < d. The 
algebra T{Y,Vy) is just the Heisenberg (Weyl) algebra Dy generated by oi, ...,ad 
and al, ...,a'^ subject to the relations 
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The space of global sections T{Y,i,ujx) is the right Dy-module 

^XY = DY/{a*^,an; n<l< m)DY. 

Let also Cy be the Clifford algebra generated by odd elements bi,...,bd, ft^i'-i^d 
subject to the relations 

[bra, bn]+ = [b*m, 6* ]+ = 0, [6^, 6„]+ = 6ran- 

Denote CDy = Cy ®k Dy the tensor product algebra. Then the global de Rham 
complex of i,ujx is identified with the right CDy-module 

DRxY = CDy/(^a'^, a„, bp] n < I < m, p = 1, ..., d)CDy. 

(5.2) De Rham complexes for ind-schemes. Let X°° = lim X" be a 

— >QeA 
formally smooth discrete ind-^-scheme with structure maps q,q". Denote by i" : 

X" ^-> X°° the canonical embedding. The considerations of (5.1) generalize easily 

to give the global de Rham complex of any M € 'Dx°°/s- Explicitly, let M have 

the form ia^M". Then the ith term of its de Rham complex is 

(5.2.1) DR'{M)=M'''^/\'Qx^/s = ^^ qfnom{n-l (i^'M'^f). 

Here M^ is defined in (4.3.6). 

(5.2.2) Proposition. Let p^ : X°° -^ Y^ be a morphism of formally smooth 
discrete ind-S-schemes which is smooth of relative dimension d. Then for any 
M £ Dyoc/s we have an embedding of the shifted de Rham complexes DR{M) ^> 
DR{p^*M)[d]. 

Proof: The conditions on p°° in the proposition are equivalent to the following: we 
can represent X°^ = lim X", Y^ = lim Y" with the same filtering poset A, 

— >QeA — ^aeA 

and we can represent p°° by a morphism of inductive systems (p" : X° -^ y°) of 
S'-schemes such that for each a < (3 the arising commutative square 

x° U x^ 

is Cartesian, and each p" is smooth of relative dimension d. Then p°° is formally 
smooth. By [BD2, Lemma 7.12.23] we have an exact sequence 

(5.2.3) — > Ojfoo /yoo — > yyx°°/s — * P ^Y°° /s — ^ "• 
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Moreover 

(5.2.4) {if'Y{Qx^/Y^) = QxP/Y^- 

Let M have the form ja»A4", where j" : Y"" ^^ Y^ is the canonical embedding. 
Then p°°*M = ia»p°" M"^ ■ The base change for Cartesian squares gives 

see Lemma 4.1.4. Let r : Y°° -^ S, r"" : Y"" -^ 5 be the structure maps. By 
(5.2.3), (5.2.4) there is an embedding 

Hence there is an embedding 

We are done. D 

(5.3) De Rham complexes for ind-pro-schemes. Let X^ be a locaUy compact 
smooth ind-5-scheme and M be an object of 'Dx'^/s- We fix an ind-pro-system 
{Xp) for X as in (4.4.1), (4.4.4). We have then the formahy smooth discrete ind- 
schemes X^ and projections pfs : X^ -^ ^|°- We also have schemes X^ and 
embeddings i° : X^ ^ X^. Let also i"^ : X^ ^ X^ , p'^ : X!^ ^ X° be the 
natural embeddings and projections. The category 'Dx°°/s being the double direct 
limit of Dx"/s, we can think of M as being of the form p^ip^M.^ = i^p^'M^ 
for some M^ G Y)x"/s- Recall that d^/j' denotes the relative dimension of the 
smooth morphism p'^^, : XZ — > X^, (3 < /?'. We choose numbers d/3,/3 G B, such 
that df3fS' = d/3 — df}! (this can be done uniquely up to an overall constant). Set 
M.I3 = ip^Mp G Dx~/5- Proposition 5.2.2 implies then that the shifted global 
de Rham complexes DR{ppp,J\Ai3)[d/3'] form an inductive system of complexes of 
vector spaces and we define the de Rham complex of M to be 

(5.3.1) DR{M) = lim DR{p*gg,MR)[da']. 

-^I3'>I3 

Explicitely, by (5.2.1) we have 



i 

where q^, : X% — > S* is the structure morphism. 



DR\M)=\iu, lim g^;Hom(J^ l,;j,(p^;-,i^«'A^^)^)), 
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(5.3.3) Proposition. DR^{M.) depends only on X^ and A4 as an object of 
Dx«=/5, but not on the choice of a system (Xn). 

Proof: Interchanging the two inductive hniits and using base change for Cartesian 
squares in the diagram (X^), we can write 



DR\M) = hm hm g^;Wom(^ 1, J , (i^,° p^^,A^^)^)). 

''a'>a ''I3'>f3 /3' ' 

For any a' > a the hmit over (3' depends only on the scheme X^ and the object 

Therefore the hmit over a' > a of the hmits above depends only on the ind-object 
"lim "X°' (which is X^) and the object 

ia',M" e 21im Dv^^'/s = Dx~/s, 

which is M-. D 

(5.4) The de Rham complexes on C{X). We now specialize to the particular 
case X^ = C{X) where X is a smooth affine algebraic variety over k admitting 
an etale map (p to A*^. In this case A = E, i? = N with the terms of the ind- 
pro-systems being £^((/)), see (2.6.7). We take S = Spec (A;). Given an object 
M € D£(x) we associate to it its de Rham complex DR{M) as in (5.3). Note that 
it is independent on the choice of an etale map to A** because two such maps lead 
to isomorphic ind-pro-objects in the category Sch , see Proposition 2.7.1.(c). 

Let now X be an arbitrary smooth algebraic variety over k and M be an object 
of D£(x)- By covering X with affine open U admitting etale maps to A'', we get 
a complex of sheaves U h-> DR{M\j^(^u^) which we denote T)TZ{M). Recall that we 
have the diagram 

(5.4.1) XJ^C\X)^C{X). 

Thus, every right Px-module TV gives an object i,p*J\f of D£(x)- We write 
CT)TZ{J\[) for 'DTZ{i,p*J\f) and call it the chiral de Rham complex of TV. In particular, 
we write CVTZx for VTZ{i,p'ujx)- More generally, denoting p^ : C^{X) -^ C-^{X) 
the projection, we can start with any right P-module TV on the algebraic variety 
C^{X): then i,p^Af is an object of T)c{x) ^-nd we can form its de Rham complex. 
It is a complex of sheaves on X. 

(5.4.2) Example. Let X = A^. Then the complex of global sections of CVTZx, 
i.e., the complex DR{i,p*ijj{^i) can be found explicitly as follows. 
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Let V be the topological A;- vector space k{{t)) and V* be its topological dual 
(over k). Denote by = {l,v) the canonical pairing oil £ V* and v gV. 

Then V* can be identified with k{{t))dt, the space of 1-forms, the pairing between 
V and V* being (/, to) -^ res(/ • to). Let D be the Heisenberg algebra generated by 
V* and V with [l,v] = {I, v) and C be the Chfford algebra generated by F*, F with 
[/,t;]_l- = {l,v). Denote CD = C ®k D. This is a certain completion of the algebra 
CD generated by symbols an,bn,a'^, b^ for n £ Z subject to the relations 

[bm, bn]+ = [bl,, &;]+ = 0, [b*^, bn]+ = Sm-n, 
[ara,bn] = [a*m,bn] = [am,^n] = [a*m,b*^] = 0. 

More precisely, we write a generic element of V as ^^^ a-mt"^, so am, a^ are elements 
of D. Similarly, writing a generic element of V* as ^^^ b^t^^'^dt we view 6„, 6J^ as 
elements of C. Let V = k[t,t-^], V* = k[t,t-^]dt. Then CD = C(g)kD, where C is 
the Clifford algebra generated by V* ,V and D is the Heisenberg algebra generated 
by V,V*. Let CD C CD be the right ideal generated by linear combinations of 
On, 6n,an+i) ^n+i with Ti > 0, and CD^ C CD be the ideal generated by possibly 
infinite linear combinations with the above property. We denote Vac = CD/CD'^ 
and Vac = CD /CD the corresponding vacuum modules. 

(5.4.3) Proposition, (a) The natural morphism Vac — > Vac is an isomorphism. 
(h) The de Rham complex DR{i^p*ujp^i) is identified (as a vector space) with 
Vac. 

Remark. Although this description is similar to (5.1.4), there is a difference : here 
the ideal is generated by 6*^]^,6n for n < while in (5.1.4) all the bn are in the 
ideal. This is because in our present situation we are dealing with a semiinfinite 
de Rham complex obtained as an inductive limit of usual de Rham complexes with 
respect to maps shifting the degrees. 

Proof: (a) The quotient k{{t)) / k[[t]] is identified with k[t,t-'^]/k[t]. The ideal CD+ 
includes the Taylor series part of V,V* d D and V, V* C C. So CD/CD+ is 

identified with CDjCD'^ . 

(b) To simplify, we write L = L{h^\ etc. We have 

L^M = Spec {k[ai; -N,<1< M]/{aj+'^)), 

where, for each e G E, we set A^^ = max {/;£_; ^ 0}. Hence 

Cm = lim Spi (k[ai; < I < M]\\ai; - N < I <0]]). 
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For any M € N, iV G N U {oo}, we put 

Y^ = Spec {k[ai; -N <1<M]). 

Then Cm is just the hmit, over N > 0, oi the formal completions of Y^ along Y^. 
Since the de Rham complex with coefficients in the P-module of distributions along 
a subvariety depends only on the completion along this subvariety, we can write 

(5.4.4) D R{i,p' Lo j,i) = lim DR{iM n ,iOYo)[M], 

where iM,N '• Ym '~^ ^m is the embedding. Note that iM,N is just the embedding 
of an affine subspace, so we are in the situation of Example 5.1.4. 

Let D^ be the subalgebra in CD generated by a„, —A'' < n < M, and a* , 
—M < n < N. It is identified with the algebra of polynomial differential operators 
on functions of q-n, ■■■,aM, with alj corresponding to d/dai. Similarly let C^ 
be generated by 6„, -N < n < M, and 6^, -M < n < N. Denote CD^ = 
Cm *^fc D^. We see therefore that the (M, iV)th term of the inductive system in 

(5.4.4) is identified with 

(5.4.5) VacZ := CDZ/{a,,i > 0; a*,i > 0; bDCD^. 

Denote by 1^ the generator of this module. Then for N < N' and any M 
the embedding takes 1^ to 1^ , while for M < M' and any A^ it takes 1^ 
into l^ibM+i-'-^M' ■ From the normal form of elements it is clear that CD = 
lim CD^, Vac = lim Vac^, and we are done since Vac = Vac. D 
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6. Identification of the chiral de Rham complex 

In this section we construct, in a geometric way, the structure of a vertex algebra 
on the chiral de Rham complex CDTZx and compare it with the construction of 

[MSV]. 

(6.1) Factorization algebras, and De Rham complexes on C{X)ci- Let C 
be a smooth curve, as before. For any non-empty finite set / we set U^^' = U^^' \ 
^(i) ^ ^(//{i}) and j(-^) = j^^/^\ see (3.2). Hereafter we write U,A,j instead 
of U^^', A^^-', j^^' if / has cardinal 2. We will need the following notation : for 
any (possibly empty) / let / = / U 'n? be the corresponding pointed set. For any 
surjection / ^> J we denote / -» J the surjection equal to / ^> J on / and taking 
'n? to 'v'. Let us recall the definition of a factorization algebra, see [BDl, §3.4]. 

(6.1.1) Definition, (a) Let £ be a quasi- coherent sheaf on C . A structure of a 
factorization algebra on £ is a collection of quasi- coherent Oci -modules Sj for each 
non-empty finite set I, such that £i is flat along the diagonal strata, E^i^ = £, and 

- an isomorphism of Oqi -modules u^-^'^' : A^'^'^'*£j ^£i for every J -^ I, 
compatible with the compositions of J ~» I, 

- an isomorphism of Ojji.i/i) -modules 



^{J/i) . j{J/i)* 



iMi£jJ^j(-'/'>£j 



for every J -^ I, compatible with the compositions of J -^ I, and compatible with 

- a global section Ig £ H*^(C, <?) such that for every f £ £ one has If Kl / € 
^{1,2} C j.j*{£ M £) and A*{le mf) = f. 

(b) A module over £ is a quasi- coherent sheaf M on C with a collection of quasi- 
coherent 0(ji-modules Mj for each non-empty finite set I, such that Mj is flat 
along the diagonal strata, Aljc:?} = M, and 

- an isomorphism of O^jt -modules v^-^' "> : /SS'^ ' ^'* }A j ^ M.j for every J ~» I , 
compatible with the compositions of J ^f> I , 

- an isomorphism of Ojj(.j/t) -modules 

for every J ^^ I , compatible with the compositions of J ^^ I, and compatible with 
V, such that 

-for any f £M one has IsMf <eM{i^^} CjJ*{£MM) andA*{l£Mf) = f. 

We have the following immediate global counterpart of (5.4). 
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(6.1.2) Proposition. For any right T>x-module M there is a unique complex 
C'DTZ{M.)ci of sheaves of Oc' -modules on X x C^ such that: 

(a) the fiber ofCVTZ[M)c at a point of the curve C is isomorphic to the complex 

cvn{M), 

(h) the collection (C'DTZ{lox)c') "^^ a factorization algebra on the curve C. The 
collection {C'DTZ{M)qi^ is a {C'DTZ{ujx)c') '"module. 

Proof: A choice of an element iq £ I defines a morphisni of schemes Pi^,! '■ 
C^\X)(ji ^ X as foUows. Recall that C^{X)(ji represents the functor A^ ^, which 

takes a scheme S into the set of pairs {fi,p) where fj'.S^C^isa morphism of 
schemes and p is a morphism of T(fi), the formal neighborhood of r(//) G S x C, 
into X. Now, restricting p onto the graph of fi^, which is a subscheme in T{fj) 
isomorphic to S, we get a natural transformation from A^ ^; into the functor rep- 
resented by X, so a morphism Pig,i- 

Denote by ij : C^{X)^,i -^ C{X)^t the embedding. For any M G Dx, we 
form the object (i/)»(p(^ i)'-^ ^ '^c(x) -ic^- '^^^ general construction of (5.3), 
applied to the restrictions of {ij),{p(y j)*A4 onto open subsets in X x C^, gives 
then a complex of sheaves on X x C^ which we denote CT>TZ{M)(ji. 

Notice that in the particular case where M = tox the object {pigj)'M of the 
category D£0(x) j /c' is independent (up to a unique isomorphism) of the choice of 
io £ I. Indeed, objects of the latter category are, by definition, pairs (n,7V) where 
TV is a right D-module on C^{X)qi and two such pairs (n,7V) and (n',7V') are 
isomorphic, if the pullbacks of A/" and Af' to C'^{X)qi , m > n,n' , are isomorphic 
as right P-modules. Since the pullback for right P-modules is just the C-module 
pullback tensored with the relative canonical class, {pi^j)*LOx is represented by 
(n,u;£0(x) i) for any n, and thus is clearly independent on zq. 

Then, the general construction in (5.3) gives a complex of sheaves on X x C^, 
denoted by CVTZ{uJx)c' ■ 

To prove Claim (a) it is sufficient to observe that the fiber of C{X)c at a point 
€ C is isomorphic to C{X). Recall that C{X)c represents the contravariant 
functor \x,c '■ Sch — * Sets such that \x,c{S) is the set of pairs (/, p) such that 

/GHomsch(^,C) and p € HomLrs((r(/),/Cf ), X). 
Thus the fiber at represents the subfunctor 

5^{(/,p)GAx,c(^)|/(5)red = {0}}. 

Let t be a local coordinate on C centered at 0. For any / as above we have 
(T{f),ICi ) = [S,Os{{t))^) and this proves (a). Note that the isomorphism of 
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C{X) and the fiber of C{X)c at is compatible with the ind-pro-systenis in (2.7), 
(3.9). 

(b) Both C'^{X)ci and C{X)ci form factorization monoids in the categories of 
ind-schemes. Since passing to the De Rham complex takes Cartesian products of 
(ind-)schemes to tensor products of vector spaces, we see that {CT)TZ{lox)c') form 
a factorization algebra. 

Next, given any surjection J ^ I and the corresponding surjection J ^ /, we 
have 

l[C{X)^j = C{X)c X \{C{X)c.^, 

the first factor in the RHS corresponding to i = 'v'. Let us use the notation k for 
the factorization monoid structure of C{X)(ji as in (3.2.1). Then, with respect to 
the identification (6.1.3), we have an isomorphism of D-modules 

iei 

over U"^'^ -^ C^ . Using again the fact that passing to the De Rham complexes 
takes Cartesian products to tensor products, we conclude that (C'DTZ{M)(ji) is a 
factorization module over (C'DTZ{ujx)c')- ^ 

(6.2) Reminder on chiral and vertex algebras. Let us recall the basic facts 
on chiral and vertex algebras. See [BDl, §3], [K] and [FLM] for more details. Let C 
be a smooth curve, as before. For any right Dc-module M the projection formula 
yields an isomorphism of right X'(72-modules A,A*{uJc ^ M) ^ A,A1. Let 

£m ■■ j,j'{iOc^M)-*A,M 

be the composition of the projection j,j'{loc ^ -M.) -^ j»j'{^c' ^ -^)/('^c ^ -M-) 
and of the isomorphism {j,j'iujc K M))/{uJc ^ M) ^ A,A'{u;c M M) ^ A,M. 

(6.2.1) Definition, (a) A chiral algebra overC is a right Wj 12X1- graded Vc -module 
A = A^ ® A^ with two even maps fijx £ Homo^a {j»J*{-^ ^ A), A, A) and 1_4 € 
Homo ^{u'CjA'^) such that 

- the map iJ-Ai^A^'i-d'A) coincides with e^, 

- the map ji^ is antisymmetric, and it satisfies the Jacobi identity. 

(b) A module over a chiral algebra A over C is a right 'L/2'L-graded Vc -module 
M.C with an even map hm £ HomD^2 {j»j* {AM M-), A,M-) such that 

- the map /ix(l^,i(ix) coincides with Em? 

- the map hj^ is compatible with fi^- 

For any factorization algebra on £, each sheaf £j has a canonical left D^"/ -module 
structure, compatible with the factorization structure, such that the section Ig is 



48 M. KAPRANOV AND E. VASSEROT 

a horizontal, see [BDl, Proposition 3.4.8]. It is proved in [BDl, §3.4.9] that the 
right Pc-module E"^ := £ ®Oc ^c is a chiral algebra over C. The map /i_4 is the 
composition of the chain of maps 

j.j'iE'' M e"-) = j,j'L0c2 ®o^, £:{i,2} ^ A,uc ®o^, £:{i,2} = A.^:'-. 

Here the 1-st equality is the 2-nd isomorphism in 6. 1.1. (a), the second arrow is 
£uj(j, and the last equality results from the 1-st isomorphism in 6.1.1.(o) and the 
projection formula for A. 

(6.2.2) Definition, (a) A vertex algebra is a k-supervector space V with an even 
vector Iv € V, an even endomorphism dy £ End{V), and an even linear map 
V -^ -E'nd(y)[[z, z~^]], a h^ a{z) = X]n^"-^~"~^- These data satisfy the following 
axioms: 

- dv{lv) = 0, lv{z) = idv, an(lv) =0 if n> 0, a_i(ly) = a, 

- [dv,a{z)] = d^a{z), 

- we have {z — w)^[a{z), b{w)\ = for N » 0. 

We will also assume that for all elements a,b £ V we have a„(6) = for n >> 0. 

(b) A module over a vertex algebra V is a k-supervector space W with an even en- 
domorphism d^ G End{W), and an even linear map V — > ii'nd(M^)[[z, z~^]], a ^-^ 
a^ {z) = ^^ a}^ z~"'~'^ . These data satisfy the following axioms : 

- ly (^) = idw, 

- [c?^,a^(z)] = 9,a^(z) = {dva)'^{z), 

- (Borcherds identity) 

z^H 



where 



Assume that C is the formal disk Spec /c[[t]]. Let be the closed point of C. Let 
ti = t (8) 1, ^2 = 1 (^ i be the coordinates on C^. We have the following basic fact, 
due to Beilinson-Drinfeld (see [HL], [B] for details). Fix a vertex algebra V . The 
fe[[t]]-module V\\t]\ has a unique structure of vertex algebra such that 

dvM] =dv + dt, lv[[t]] = Iv, iat")iz) = {t + z)"a{z), 

for any elements a £ V, n £ Tj. Let Ay be the sheaf on C associated to the A;[[t]]- 
module V[[t]] ■ dt. The sheaf Ay has a unique structure of a chiral algebra over C 
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such that the field dt acts on Ay as the operator i9y[[t]], and such that the chiral 
product is induced by the map 

V0V[[h,t2mh - t2)-'] ^ V[[h,t2mh - t2)-^]/V[[h,t2]] 

which takes the element f{ti,t2)a M b, with /(ti,t2) £ k{ti — ^2) and a,b £ V, 
to the element f{ti,t2)a{ti — t2){h) + V[[ti,t2\]. Similarly, if PF is a ^-module 
then the /c[[t]]-module l^[[t]] has a natural structure of a y[[t]] -module, and the 
corresponding sheaf A^vf on C has a natural structure of a ^y-module. Conversely, 
we have the following. 

(6.2.3) Lemma. Assume that C is a smooth curve. Fix a point G C and a 
formal coordinate t at 0. 

(a) Let A he a chiral algebra on C. Assume that A is a locally free Oc-fnodule. 
The fiber, V, of A at has a unique structure of a vertex algebra such that the 
chiral algebra Ay is isomorphic to ^|specfc[[f]]- 

(b) Let M be a module over a chiral algebra A on C . Assume that A, M are 
locally free Oc -modules. Let V, W be the fibers of A, M at 0. The space W has a 
unique structure of a module over V , see Part {a), such that the Av -module M.w 
is isomorphic to M\speck[[t]]- 

Thus, Proposition 6.1.2 gives the following. 

(6.2.4) Theorem. The De Rham complex CT>TZ{uj x) is a sheaf of vertex algebras 
on X. For any right T>x-module M the De Rham complex CT>TZ{M) is a sheaf of 
CT>TZ{uJx ) -modules. 

(6.3) The vacuum module and the chiral de Rham complex. Here we recall 
the original construction of the chiral de Rham complex of X as given in [MSV]. 
One first considers the case X = A'^. Similarly to Example 5.4.2, let CD^ be 
the Z/2Z-graded A;-algebra generated by even elements ain,a*^ and odd elements 
bin,b*j^, with i = l,...,d and —N < n < M for ain,bin and —M < n < N for 
a* , b* , modulo the relations 



^ira^j^ ^j^^im ^ij^m^ — n^ ^ira^jn ^jn^im ^im^jn ^jn^ira ' 

We further require that the letters o and h commute in all cases. Let CD = 
lim CD^. Consider the super vector space k'^''^ with basis consisting of even 

*M,N 

vectors vi, ...v^ and odd vectors v^+i, ...V2d- The space 



I) = [k[t, t-^] © k[t, t-^]dt) (E)k'^\'^e k-f 
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is then a Lie super algebra over k with respect to the brackets given by 

[/ <S'Vi,uj'gi Vj] = 5ijRes{f ■ uj)j, 
all other brackets being zero. It is clear that 

CD = U{i))/{^-l), 
with ttin ^-> Vit"-, o*„ I— > Vit^~^dt, bin •— > Vi+dt^, &*„ ^^ Vi+dt"'~^dt. Let also 

f) = {k{{t)) © k{{t))dt) ^k'^^'^e k-i 
with the bracket defined in the same way, and 

CD = U{\))/{^-l). 
Obviously CD c CD. Let 

^+ = {k[t\ © k[t\dt) © k'^\'^, f)+ = (A;[[f]] © k[[t\]dt) © A;''!'^. 

These are Abelian subalgebras in \),\). Set CD^" = U{l)+)CD, CD+ = UH)+)CD. 
The vacuum module Vac = CD/CD , Vac = CD/CD'^ are identified as in 
(5.4.3) (a). We denote by 1 G Vac (the vacuum vector) the image of 1 € CD. 
As well-known, Vac has a structure of a vertex algebra such that the generating 
series associated to the (-1)- and 0-modes of ai,bi are given by: 

(a,,_il)(^) = Yl «-^"""'' «ol)(^) = E <n^"^ 

and similarly with (6i^_il)(z), (6*q1)(z). The generating series associated to other 
modes are obtained by differentiation, using the action of d given by 

d{ain) = nai^n-i, d{a*J = (n - l)a*„_i, 

and similarly for b*^, bin. The map 

^ = J2i,n^int>i-n ■ VaC -^ VaC 

is a derivation of vertex algebras with zero square. 

Setting Xi = Oio makes Vac into a module over k[xi, ...,Xn], the coordinate ring 
of A'^. We denote this ring shortly by k[x]. In [MSV] the authors consider the 
quasicoherent sheaf Q'^ := VacSikix] ^a<^ corresponding to /i;[x]-module Vac and 
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extend the vertex algebra structure to it. One also has a vertex algebra structure 
on 

Vac^ := Vac(g>k[x,] k[[xi]]. 

Now let X be a smooth algebraic variety, U (Z X he an open subset and (j) : U ^ 
A'^ be an etale map. Let € X be a point such that (/<(0) = and let X^ be the 
formal neighborhood of in X. Then x'^ = 4'*Xi are the coordinates on X^. 

In [MSV] the authors construct a sheaf Q'^ of differential vertex algebras on X 
as the unique such sheaf satisfying the following condition. For any (f> as above, 
there is an isomorphism of vertex algebras 

4>ch : ^f ®Ox Ox^ -^ 0*^f^ 00^, Oa^^a = Vac'' 

which coincides, for U C A'', with the automorphism of Vac^ introduced in [MSV, 
Theorem 3.7]. Our aim in the rest of this paper is to prove the following fact. 

(6.3.1) Theorem. There is an isomorphism of sheaves of differential vertex alge- 
bras Qf c^ CVn{uJx)- 

(6.4) The factorization algebra associated to the vacuum module. As 

the first step in proving Theorem 6.3.1, let us describe the factorization algebra 
corresponding to Vac = r(A'', ^'^)- In this, we follow [BDl], [G] : the constructions 
below are a particular instance of the general concept of the chiral enveloping 
algebra of a Lie*-algebra. For the convenience of the reader we give a self-contained 
presentation. 

Fix a smooth projective curve C. Recall that ujc is the sheaf of 1-forms on C 
(in the Zariski topology). Let / be a finite set. Consider the product C^ x C and 
its projections p, q to C^ and C. Let us specialize the notation of (3.3) to the case 
when S = C^ and // = Id : C^ — > C^ . We denote the subvariety r(//) simply by 

r, = {((q),x) £C' xC\x€{c,}}. 

Similarly we write 0;,/C^ for O^^, /C^^. Set 

^[[i]] =P*{Oj 0q*ujc), ^((/)) =P*{}Ci 0q*ujc). 

These are (non-quasicoherent) sheaves of O-modules on C^ . Informally, the "fiber" 
of, say, W((7)) at a point (q) G C^ is the space of sections of toc on the punctured 
formal neighborhood of the set {q}, and similarly in the other cases. Note that the 
sum of residues defines a morphism 

Res(c,) : W((7)) ^ Oci, 
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trivial on tO[[i^j. 

Consider the super-vector space k'^''^ as in (6.3). The sheaf 

t)i = (C)((7)) © u;((7))) A:'*!'* © Ocr ■ 7 

is then a Lie superalgebra in the category of left 2? (7/ -modules, with respect to the 
super-bracket 

r/-/-id\d ,Y^d\d-[ r d\d d\d-[ r\ 

[vi (g) f,Vj (g) w] = (5ijRes(c,)(/u;) -7, V/ G OcVcj G loc, 

and with 7 being a central element. Similarly, let f)^ C i)/ be the super-Lie sub- 
algebra (C'[[7]] © ^{[i\]) ^ ^^ • For any surjective map J ^^ I there are obvious 
isomorphisms 

Let Ucr be the quotient of the associative enveloping algebra of [)/, in the category 
of left "D (J I -modules, by the right ideal generated by 7 — 1. Consider the sheaf 

Vacci = Uci jU'^i , 

where W^i C Uci is the right ideal generated by \)\ . The collection {Vacci) is 
clearly a factorization algebra. To simplify we may omit the subscript C, writing 
Vac instead of Vacc- 

(6.4.1) Lemma. Vac is isomorphic, as a vertex algebra, to the fiber of the chiral 
algebra Vac at any point of C . 

Proof: Fix a point G C and a formal coordinate t at 0. Let D = SpecA;[[t]] 
be the formal neighborhood of in C. We compute the chiral product, /x, on the 
right Pc-module Vac^ := Vac (go^ ujc- The scheme C x C is equipped with the 
coordinates t := tMl, z := IMt. The O^-module f)|i} is locally free, such that 

T{D, l)|i}) = (fe'^l'* © fe^l^dz)[[z - t,t]][{z - t)-i] © k[[t]] ■ 7. 
Thus the map 

{Z - t)"'Vi ^ Oini, {z-t)"'Vi + d^bira, 

{z - t)'^-\idz ^ a*^, [z - t)"'-\^+ddz ^ b*^ 

extends uniquely to an isomorphism of /c[[i]] -vector spaces T{D,l/(c) ^ CD[[t]], 
where CD was defined in (6.3). Let 1, Ic, Ic^ be the vacuum elements of Vac, Vac, 
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Vacc2. We consider the unique isomorphism of CD [[t]] -modules T{D, Vac) — > yac[[t]] 
such that Ic >— > 1- 

The scheme C^ x C is equipped with the local coordinates ti := t^ Kl 1, z := 1 Kit, 
i = 1,2. Put R = k[[ti,t2]]- The C'c2-module ^{1,2} is locally free, such that 

r(Z?2, [J^,^2j) = {Rd\d © R^\^dz)[[z -h,Z- t2mz - h)-\ {Z - t2)-^] © « • 7. 

Let Ti (resp. T2) be the Taylor expansion 

R[[Z -h,Z- t^Mz - h)-\ [Z - t2)-\ ih - t2)-'] ^ Riiz - t^Mz - h)) 

(resp. i?((z — ti))((z — ^2)))- The factorization map 

i.J*(^{i,2})^i.i*(f){i} X f){i}) 

takes an element a G r(Z)^, j,j*(f){i 2})) to (Ti{a),T2{a)). It induces an action of 
the sheaf of Lie algebras i»i*(f){i,2}) on j,j'{Vac^ M Vac^). The factorization map 

is the unique morphism of sheaves of j,j*(f){i^2})-™odules taking Iq K1 Iq to 1^2. 
The chiral product /j, is the composition of the chain of maps 



j.j'iVac'^MVac^) ^ j.j' {Vac^c-) ^ j.r(Vac^2)/Vac^2 = A.A'(Vac^2) = A.(V 

The right T{D'^,Vc2 )-module r(i:'^ A, {Vac")) is spanned by the symbols a{t)6{ti- 
t2), for any a{t) € T{D,Vac^), modulo the relations 

{a{t)6ih - t2)){dt, + 9tJ = {ait)dt)5{h - ^2), 

{a{t)6{h-t2))f{h,t2) = {a{t)f{t,t))6{h-t2), 
for any f{h,t2) G k[[ti,t2]]. Fix b G T{D,Vad'). Note that 

T2{{z - h)-') = - j; (ti - t2)-"^-\z - t2r. 

m>0 

Hence, 

fi{{ti - t2Tia^,-llc) ^b) = /x((a,,_ilc) ^ b) {h - ^2)" 



ac 
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Similarly, we get 



fiiih - t2)"(a*olc) ^b) = Y^ a*^b6ih - t2)d, 



(m — n) 

t2 

m^2 



^{ih-t2nb*,ic)^b) = Y,b*^b5ih-t2)d^^-"\ 

On the other hand, the chiral product associated to the vertex algebra V[[t]] is the 
map 

Vac^Vac[[h,t2mti-t2)-^]^Vac[[h,t2mh-t2)-^]/Vac[[h,t2]] 

taking (ti - t2)"(ai,-il) ^ 6 to 

^ airabd^^~''h{ti - ta), 

where dl^ 6{ti — ^2) stands for the element (ti — ^2)"™"""^ + ^[[^1,^2]], and similarly 
for bi^-i, a*Q, b*Q. Thus, to prove that the chiral algebra Vac'" is isomorphic to 
the chiral algebra on D built from Vac as in (6.2) it is sufficient to check that 
the corresponding right Pc-modules coincide. See [BDl, Remark 3.4.8. (i)] for an 
elementary definition of the the canonical left Pc-module structure on Vac. By 
construction we have dt{lc) = 0. It is easy to see that dt[aim^c) = mo.i^rn-i'^c 
for all m < 0. Hence, the operators d on r(Z), Vac*") and yac[[t]] coincide on aim- 
The case of a* , 6* , bim is similar. D 



(6.5) The action of etale morphisms I. To prove Theorem 6.3.1 in full gener- 
ality, it suffices to establish the following lemma. Let U <Z X he any affine open set 
and (j) : U ^> A'^ be any etale map. Fix a point £ U such that (/<(0) = 0. Let X^ 
be the formal neighborhood of 0. In particular we write A'^''^ for (A'*)'^. 

(6.5.1) Lemma, (a) There is an isomorphism of differential vertex algebras F^f, : 

rnf.^^^kix^] (^ox cvniux). 

(b) If X = A'* then F~ o F^ = (j)ch is the isomorphism constructed in [MSVJ. 

The plan of the proof is as follows. We will construct an isomorpism (Fi) of 
factorization algebras and obtain F^p as the fiber of F|i} at a point of C. It is 
enough to assume that C = A^ . Set 

CDi = T{A^,Uci), CDf = T{A^,U+j), 
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DR{lou)i = r{C{U)j,i,CVn{uju)A'), Vaci = T{A^,Vacci). 
Thus, Vaci = CDj/CDf. If X = A'* we introduce the algebra 

CD J = l[m CDxN, 

-^n,N 

where 

(6.5.2) A = k[A'], A^ = A[a\i>;-N<l<n], X^ = SpecA^, 
see Example 5.4.2. Note that CDj is a subalgebra of CDi. Let 

CD'^ =lim CD+j,, 

where CD^r^ is the right ideal generated by all, '^i+i u^ ^iJ ^ "i+i u '^^*^ ^ — ^ ^^^ 
Vaci = CDi/CD'^. 

(6.5.3) Lemma. Vaci is an irreducible CDj-module and the natural map of vector 
spaces Vacj — > Vaci is an isomorphism. 

Proof: Irreducibility follows from the fact that CDx^ /CW^^ is irreducible over 
CDxN . The isomorphism follows from the normal form of elements of Vacj and 
Vaci. D 

Now, to prove Lemma (6.5.1) we will construct a right action 

(6.5.4) DR{lou)i <S) CDi -^ DR{lou)i 

commuting with the factorization maps. To prove that the factorization algebras 
iVac^i), {C'DTZ{uJu) K') &^6 isomorphic, it is then sufficient to check that the right 
CDj-module DR{uju)i has a cyclic vector whose annihilator is CDj . Observe that, 
since the map (6.5.3) depends on (/>, the resulting isomorphism of sheaves of vertex 
algebras 0*0^^, a ^k[X^] ®Ox CVTZ{u!x) will also depend on (j). 

(6.5.5) The case U = A'^. First we consider the particular case where U = A'^ 
and (p = Id. What we do in this case is to provide an explicit identification of the 
right CDj-module DR{Ld^d)j. To simplify we set C = C{A'^)^i, etc. Then, in the 
notations of (6.5.2), 



C^ = lim Spi{Al[[4i>--N < I < 0]]), CI = Spec(^^V(ag •••aS^; ;/ < 0)), 



56 M. KAPRANOV AND E. VASSEROT 

see (3.9.1), where we set N^ = maxj^; e-i 7^ 0} for each e G E. To simphfy again 
we set X^ = X^'' . Thus Xf^ is an affine space of finite dimension. There are closed 
embeddings £^ C £^ C X^. Let ine '■ ^n ""^ ^n be the composite embedding. We 
write L0£0 x^ for the right D-module ine»^c^ on X^. Let D7^(aj^) G O^e be the 
subsheaf of T)TZ{iO£a ^^ ) consisting of the sections supported (scheme-theoreticahy) 
on £^. By definition, 



hm ^(£^,P7^(^J;)) = lim T{Cl,Vn{u:ci,x-)) = DRc"^,x^- 

Let us denote this space by DR{uJn)i- Hence, 

(6.5.6) DR{ojf^d)i = lim DR{uJr^)I[nd], 

and there is a right lim CDxN-a,ct\on on DR{ujn)i, such that DR{uJn)i is the 

— ^JV 
quotient of lim CDx^ by lim CD~tj^. Using (6.5.4) we get a right action of CDj 

-'N " -'N " 

on DR{ujj!^d)i such that 

DR{Lj^d)j ^ CDi/CD'^i - Vaci = Vacj, 

thus achieving our goal in the case X = A'^. 

(6.5.7) Corollary. Theorem 6.3.1 is true for X = A'^. 

(6.6) Etale change of coordinates in ClifTord algebras. In order to prove 
Lemma 6.5.1 for general (/>:[/—> A*^ we need some elementary observations about 
Clifford algebras. 

If X is a smooth algebraic variety, we denote by CDx the sheaf of differential 
operators in Q^, the commutative superalgebra of differential forms. 

In particular, if X = A'^ with coordinates xi,...,Xd, then Xi,dxi are free gen- 
erators of (the algebra of global sections of) ^x ^^^ '^^ denote di = d/dxi and 
S,i = "9/5 dxi" the corresponding derivations, which are thus global sections of 

Let now U be an affine open subset of a smooth variety X, and let 4> : U —* A'^ 
be an etale map. Let x[ = (j)*Xi be the coordinate on X^. There are then uniquely 
determined derivations 9^,^^ of flx^ such that 

[dl,x'^] = [Cidx'^] = 6,„ [d'„dx'^] = [e:, 4] = 0. 

Set CDx^' = k[X^]®o^C'Dx. The etale map (j) gives an isomorphism of formal 
schemes X^ ^ A'^'^ . Let (j)' be the inverse isomorphism. 
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(6.6.1) Lemma. For any (j) as above, there is a unique k[X^]-algebra isomorphism 

such that 

j j 

where (j) = {4>i, ...,(j)d)- 

Proof: It suffices to observe that, since the map (j) is etale, CDx^ is a free A:[X^]- 
module with basis 

id[rid',Y^ ■ ■ ■ {d',r ® (ei)"^ • • • {O'^^dx'.r ■ ■ ■ idx',r\ 

where ri,mi,ni € N. Then use the coordinates change formulas, see [L, chap. II] 
for instance. D 

(6.7) The action of etale morphisms II. Let now (j) : U -^ A'^ he a general 
etale morphism, with U affine. By (3.9.2) we have an isomorphism of schemes 

£^(0)a. ^C'n>^c"„ ^oiU)A', where £^ = CU^%i. 

We will use freely the notations in (6.5), (6.6). There is an obvious map X:^ — > Cq, 
since £q = Xq = Spec^Q, which restricts to the map £^ — > Cq when N = N^. For 
any N, consider the fiber product 

Denote by c/)^ : X^. -^ X^ the projection to the first factor. Being a base change 
of an etale morphism Cq{(J))ia : Cq{U)p^i — > £q, see Proposition 3.9.3, the map 0^ 
is etale. Set = {4^j = 0} € Homsch(A^,X^). Fix G Homsch(A^,X°^) mapping 
to by (j)^ . Let Xq iXqi be the formal neighborhoods of 0, and set 

By Lemma 6.6.1 applied to (^^, we have a ring isomorphism 
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Let 



-.~„A ,. „„ „~„A 



CDj =\\m. CD^N,A, CDr^ = lim CD^n,a, 



SO that the i^^j. give a ring isomorphism 



(6.7.1) (t>Z^ : Cd'^.^Cd';. 



Let also 



where 



CZ)^'+ = hm CD+ , 

'n,N ^" 



CD+ ,, = A:[X^'^] ®k[x-] CD+^ 



and CDZ-j^ is introduced after (6.5.2). We have then the vacuum modules 

n 

which form the factorization algebra corresponding to the vertex algebra Vac^ 
defined in (6.3). Note that 

DR{ujj)i = lim DR{uj/^aju)^^^x^^)[nd], 

and after tensoring with A;[[/^] we get a module DR{uji/a)i over CDj i. 

(6.7.2) Lemma. With respect to the above structure of a CDj -module, DR(lui/a)i 
is isomorphic to Vacj. 

Proof: Follows from the fact that each DR{uj^a iu\ x^ ) is isomorphic to the vacuum 
module over CDx^ . D 

Note that both DR{uJ[ja)j and Vac^ have distinguished generators. Namely 
DR{bJijf^)i is the limit of an inductive system with the first term DR{u;£_o(^jj^ j/a')- 
But for any smooth morphism Z ^ S there is a canonical element Iz/s iii DR{ujz/s) 
and we take I'j G DR{ujua)j to be the image of 1c°{u) i/a' iii the limit. The gen- 
erator 1'/ e Vac^ is the image of 1 € CDj. We denote F/ : Vac^ -^ DR{ujua)j 
the unique module isomorphism taking 1" to Ij. Let J-'j : Vacj — > 'DTZ{loi/a)j be 
the corresponding morphism of quasicoherent sheaves on Cq{U)^i . 

(6.7.3) Lemma. The {J-i) commute with factorization maps and thus form an 
isomorphism of factorization algebras. 
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Proof: Follows from the fact that (1^) and (1") are compatible with factorization 
structures: in the notation of (6.1.1) we have x'^'^(Kllj,) = I'j and similarly for 1'/. 
D 

Set / = {1}. Let Fff) be the fiber of Fmi at the point G A^. Lemma 6.7.3 implies 
that Fff) is a morphism of vertex algebras. This establishes part (a) of Lemma 6.5.1 

We now prove Lemma 6.5.1(b). So we assume U (Z A'^ and need to compare two 
automorphisms of the vertex algebra T{U, Vac), namely FT o Fid and (f)ch- Notice 
that the vertex algebra Vac is strongly generated by the fields (ai^_il)(z), (a*Ql)(z), 
{bi^-il){z), (6*q1)(z), see [K], and that T(U,Vac) is obtained by localization. Thus 
it is enough to compare the two automorpisms on the elements 

(6.7.4) {a^,-ll), (a*ol), (6,,_il), (6*ol) € Vac. 

Since U C A'', the sheaf of algebras CD^^^ is identified with CDj , so (^^ j is an 
automorphism of the latter. 

Lemma, (a) The morphism 0^jj preserves CDj ' and thus induces an automor- 
phism (p^j : Vac^ -^ Vacj. 

(h) For I = {•}, the morphism of vertex algebras FT o F^ : Vac^ -^ Vac^ is 
equal to (/>((, o? which is the fiber over € A-*^ of the morphism ^jj,/. 

Proof: (a) is enough to verify for each (p^^ : CD^n.a — > CD-^n,a, in which case it 
follows from Lemma 6.6.1. Claim (b) follows from construction of F<^. D 

To prove (6.5.1) (6) it suffices therefore to check that (pp = (pch on elements 
(6.7.4). Recall that £q(X)ai = X x A^ for any X. Hence, there is a commutative 
diagram 

(p^ I I I <P 

X^ -» X^ = A-^xAi. 
This diagram induces a diagram of ^-algebra homomorphisms 

CDy/\ < — ' CF)va/\ 

Hi i <^o, 

CDv^ < — ' CF)va/\. 

Note that the images of the elements (6.7.4) by </)[( and 4>^a coincide, modulo the 
identification 

aiQ^Xi, bioh^dxi, b*_^^ii, a*_^^di. 

On the other hand the images of the elements (6.7.4) by (j)ch and (j)^^ coincide, see 
the formulas [MSV, (3.17)] for (pch, and Lemma 6.6.1 for ^qu. We are done. D 
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